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Abstract

In this paper we have introduced and studied new subclass obmphic
function with fixed second coefficient involving xR&/right's generalized
hypergeometric function. We have obtained coefficgstimates, extreme points,
growth and distortion theorems, radii of meromouaily starlikeness and
convexity for this new subclass and other intengsgiroperties.
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1 Introduction

Let X denote the class of normalized meromorphic funstiof the form

1 0
f@ =2+ ayz" ©
z n=1
defined on the punctured unit digk = {z € C: 0 < |z| < 1}. Afunctionf €
is meromorphic starlike of order, (0 <a < 1) if —R (fo(—iz))) >a(zeN=

A\{0}). The class of all such functions is denotedXbya). A function f € X
ismeromorphicconvixofordera,(0 < a < 1)

If—R (1 + Z;((Zf)) > a,(z € A*= A\{0}). Let =, be the class of functions

f € Zwith a, > 0. The subclass &, consisting of starlike functions of order
is denoted by, (a) and convex functions of ordeby Z’;‘(a).Various subclasses

of ¥ have been defined and studied by various autess|[(, 2, 3, 4,5, 6, 7, 8, 9,
10, 11, 12, 13)).

For functiong(z) given by (1) andg(z) = § + Yo_1 b,z"we define the
Hadamard product or convolutionfadindg by

(f * g) =2 + Zﬁ:l anbnzn-

zZ

For positive real parameters, A4y, ...,a;, A, B, By o) By Bm(Lm EN =
{1,2,3,...}) such that

14+3Y" B, —Y, 1A, >0,z€{z€C:0<|z| <1} the Wright's generalized
hypergeometric function

\Wml(@r, A1), o, (@, 45 (By, B1), ) (Bins Bi); 2] =1 W[ (@r, A 10 (Bes B 1m; 2]

is defined by

W[ (@ A1 Ber B 1mi 2] = SiicolTTico T (@ + kAT T(B: + KB} 2.

If A, =1(t=1,2,..,0)andB; = 1(t = 1,2, ..., m) we have the relationship
Ql‘Pm[(at,At)u, (Bt Be)1ms z] =, B (ay, ..., a;; B1, ooos B Z)

_ Zw (@) (@) 2*
k=0 Bk - Brdic k!
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(l<m+1;lL,meNy,=N={0,1,2,..};z €A).

This is the generalized hypergeometric functione (46]). Here §&,) is
thePochammer symbol and

Q= (]_[izormt))_l (]_[Zor(ﬂt)).

Using the generalized hypergeometric function, e#ne a linear operator

V[(as, A1 Ber B 1m]: Zp = Zp.
By

v[(at'At)l,l' (Bt Bt)l,m]f(z) = Z_lgl\Pm[(at;At)l,l; (Bt Bt)1,m;Z] *f(z) (2

For convenience, we dentta;, A¢)11, (Be, Be)1m|bY VIey]. If f has the form
(1) then,

1 ©
Vilf(2) = -t Yn=10n(a)ayz", (3)
Where
_ Or(ag+A(n+1))..T(a;+4;(n+1))
on(ay) = (k+D'T(B1+B1(n+1))..I(B+B;(n+1))’ (4)

Now, we define a new subclas£pfby using the linear operatita, Jas follows.

For0 <n<1land0<2A<1 we letV(A,n) denote a subclass &f consisting
functions of the form (1) satisfying the conditithrat

z(V[a1]f (@) )
R ((l—1)(V[a1]f(Z))+lZ(V[a1]f(Z))’ > )

Whered, =1 (t = 1,2, ...,DandB, = 1(t = 1,2, ..., m).
Now we prove the coefficient inequality fére NV (4,7n) .

2 Coefficients Inequalities

Our first theorem gives a necessary and suffiatentdition for a functiorf to be
in the classv'(4,n).

Theorem 1:Let f € Xp be given by (1). Then f € N (A,n) ifand only if
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[e¢]

>+ =1+ won(@)a, < (1-1) ©)

n=1

Proof: At first suppose thaf € Xp given by (1) is in the clas® (A, ), Then by
(5) we have

m( (VI lf (2)) )
| >n
A =DV If (@) + 2z(V[a,1f (2))
-1+ Zﬁ:l nan(“l)anzn+1
R (—1 S N An)an(al)anz"“) >0

If z— 17, we have

§R< —1+X0-1noy(a)a, ) >

-14+Y7r_ (=14 An)o,(ay)a,

This means that (6) holds, conversely supposetieahequality (6) holds. Let

o 2(Va)f @)
G~ D(VIalf @) + 22(V[a]f @)

We have to prove th&w > n It is enough to prove that

lw—1] < |w+1—2n|

2(V[a,)f(2)) — A - D)(VIlf @) + Az(V[a)f (2))
z(V[a,f(2) + (1 = 2n) (A — D(V[et1lf @) + 2z(V[ey If @)

| w-—1 |_
w+1-2nl "

_ Y-+ 1) o‘n(al)anzn+1
i |_2(1 — 1)+ XLo= [+ (1 =2n)A) + (1 = 2n) (4 - D]on(a)anz™!

=11 =D+ 1) o, (ay)a, <1
2(1—n) = X541+ (A =2mA) + (1 —2n) (A — Dl]oy(aa,| —

S ‘

Thus we havg € N'(1,1). m

From (6) we have

oL, < _a-m 7
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(1-n)c

< — .
01a1_1+n_2nl,0<c<1 (8)

Definition 1: The subclassv' (4,1, c)of N (4,n) consists of all functions of the
form

1 (1-n)c

) =1+

z 1+n-2n1 + Z;.:LBZZ O-Tl(al)anzn ) 0 <c< 1 (9)

We now obtain the coefficient estimates, growth digdortion bounds, extreme
points, radii of mero-morphically starlikenss araheexity for the clas§v(4,7)
by fixing the second coefficient

We now prove the coefficient inequality.
Theorem 2:Let f be defined by (9). There V' (4,n, ¢) if and only if
roo{n+n — a1+ moy(a)a, < (1—n(1—c). (10)
The result is sharp.
Proof: fe V' (4,1, c) impliesfe V' (4,n). Therefore by (6)
(141 = 20001 (@)ar + ) {n+1—nd(1 +mlon(@)an < (1 =)
Using (8) e

(1=me+ Y+ 0= 1A+ mlon(@a, < (1= 1).

n=2

From which we get (10). The result is sharp forftivection

_1 (1-n)c (1-n)(1-c) n
f(Z) Tz + 1+n—27]AZ + [n+n—nl(1+n)]an(a1)z ,mz2.. (11)

Corollary 3: If f defined by (9) is in the clagé (4,1, ¢), then

(1-m)1-c)
>
ern—mAamlon@y’ L= 2

(12)

an_

The result is sharp for the function given by (11).

3 Growth and Distortion Theorems

A growth and distortion property for the functighe V' (4,n,c) is given as
follows:
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Theorem 4:1f f given by (9) is in the clas¥ (4,7, c)then fob < |z| =r < 1

1 (- (1-nm1- C)
lf )| =-- r— (13)
r 1+4+n-2ni 2+n—3n/1
and
(1—-n)c 1-n1-c) ,
@l = 1 +n - ZnA 2+n—3ni r 14
. _1 (1-n)c (1-m)(1-c) -
The result is sharp fgf (z) = -+ Ttz 2t e 2
Proof: Sincefe V' (4,7, c)by Theorem 2
__a-ma-9
op(a)a, = tn—niem] (15)

Foro < |z|=r< 1,

(1-n)c

1 0
i — n
@IS+ Ty g+ ), on(aale]

1 (1 -n)c o
< — - 2
_r+1+n_2n/1r+r E nzzan(al)an

| =

(1—nc r+(1—n)(1—6)
1+n-2na 2+n-—3n

Similarly,

1 (1—-n)c ” n
@12 =Ty =g = ), _on(aalz]

1 (1-n) ZOO
>~ T 2
“r 1+4n- anr r nzzan(al)an

J1__Q-me  a-ma-o,

Tr 1+n—2nAr 2+n— BnA

A distortion theorem for the functiointo be in the classNV'(4,n,c) is given as
follow:
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Theorem 5:1f fgiven by (9) is in the clas§’ (4,1, ¢) thenfor0 < |z| =r < 1

, 1 I-mc A-mM0-c)
lf(z)lzr_2_1+n—2n/1_ 2+n—-3nA r (16)

and

, 1, A-mc (A-mMA=0)
lf(z)lsr_z+1+n—2nl+ 2+n—3n4 h 7)

_ 1 (-7 A-m-o ,
The result is sharp for f(Z)_Z+1+77—277}LZ+ 2+ 1 -3 z

4 Extreme Points

In this section, we determine the extreme points fonctions in the
classv(4,n,c).

Theorem 6:Let f;(z) = é + %2, and

z"forn = 2.

_1, G-me ” (1-m(-c)
fn(Z) - 7 + 1+ n— 277)_2 zn=2 (n + n-— T]/l(l + n))an(al)

Therf € NV (4,n,¢) if and only if it can be expressed as
f(Z) = Z .unfn(z)rﬂn = O,Z Un = 1.
n=1 n=1

Proof: Suppose (z) = X5=1 tnfn(2), un = 0, X7-1 4y = 1. Then

ESN ¢Sl U N € ) (D) "
W@ =t ot Y zn=2 (1= A+ m)on(a) "

Now

© A==k (+n-md+me@) N
Zn:Z (n+n—111 +n))o,(ay) 1-mMl-o0 = anzun =1-—pu <1.

This impliesfe V' (4,7, c). Conversely, lete N (4,n,¢). Then

A-m-0)
e P A R
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_ (n+n—m2(14+n))on(ay)
Sehn = T a0

a,, n=2 andy; =1-35_,u,. Then

F@=) mfi).m

Theorem 7:The classV' (4,1, c¢) is closed under convex combination

Proof: Let f,g € N (4,1, c) such that

f(Z)=—+—(1_n)C + ) a,zm
z 1+n-2nk n=z
and
1 1—-n)c ©
g(Z)=—+—( ) + b,z".

z 1+n-2n n=2

For0 < pu <1let

h(z) = uf(2) + (1 — wg(2).
Then

h(z)=3+ﬂ+ ) [a,u+ (1 — )b,]z"
z 1+n-2n g H HIOnl2 "

Therefore
Z{n + 1 =11 + n)}oy(a)|au + (1 —wby] < (1 —n)(1 — o).

This implies h(z) = uf(z) + (1 —u)g(z) € ¥(4,n,c). Hence N(4,n,c) is
closed under convex combinatien.

5 Radii of Meromorphically Starlikeness and Comexity

The radii of starlikeness and convexity for thessld"(4,n,c) is given by the
following theorem:

Theorem 8: Let fe N(4,n,¢).Then f is meromorphically starlike of order
6(0 <6 <1)inthe diskz| < r,(4,1,c, 8),wherer; (4,1, c, §) is the largest value
for which

<(3—5)(1—n)c> ) ((n+2—5)(1—n)(1—c)
re 4+

l<1-6§n=2. 18
1+n—-2n1 (n+n-121+n)) )r " (18)
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Proof: It is enough to show that

]{ ((j) +1l=@-9 (19)
2(1-n)cz? o
2f (2) ' @D+f@)| iy T Zama(+ Don(ar)anz™
f@) f@) L1 B+ i ou(ar)ag 2™

Then we write (19) as

2(1 — n)cz? o
|i (n+ Dop(ay)anz™

1+n—2nl+ n=2

(1 —mn)cz *
< — - - n+1
<(1-96) ‘1 + p— + nzzan(al)anz
That is
B-=80—-n)c , ® i
— <1-09.
S re+ Enzz(n+2 d)a,r <1-96

From Theorem 1, we may take

1-mQ-c)
[n+7—ni( + o (aa, ™

a, = n=2,u, =0, Z Un = 1.
n=2

For each fixedr, we choose the positive integet, = n,(r)for which

(n+2-8)on(a1) n+1

(n+n-nA(1+n))

is maximal. This implies

(e +2-8)10-nA—-c) ey

) n+2—-08a,r"1 <
zn:Z( ) (no +n—nA(1 +n))

Thenf is starlike of orded in0 < |z| < r;(4,1,¢,6) If

(3—5)(1—n)6r2 (ng+2-6)(1-n)(1—-0c)
14+n—2n4 (nog +n—nA(1+n))

n0+1 S 1_5.

We have to find the value of, = ry(4,1,¢,6) and the corresponding integer
ny (1) So that

(B3-8)A-mc 2 | +2-8)A-n)(A-¢) pn +1 _ —1—25.

1+n-2nA (no+n—-nA(1+n)) (20)

It is the value for whiclf (z) is starlike of orde$ in0 < |z| < 1,.m
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We now state a result for radius of meromorphic veaity for the class
N (4,1, c)for which the proof is similar to above.

Theorem 9: Let fe N¥(1,n,¢).Then f is meromorphically convex of order
(0 < 6 < 1)in the disk|z| < r,(4,7n,c,§)where, (4,1, ¢, §)is the largestvalue
forn>2

(3=8)(1-n)c\ 2 , (n(+2-8)(1-n)(1-0)\ n+1 B
( 1+n—-211 )r +< (n+n-nA(1+n)) )T' <1-94. (21)

6 Integral Operators
In this section, we consider integral operatoruattions in the clas® (4,7, ¢).

Theorem 10:Let fe (4,1, ¢).Thenthe integral operator
1

h(z) =xj wWf(uz)du(0<u<1,0<x <o)

0

isin™(4,n,c), where

- (x+n+1)(n+r)—n/l(1+n))—xn(1—n)(1—c)
Y A nA -0l -0+ + & +n+ Dn+n-n21+n)

(1-n)c 7 (1-m(1-c) »
1+n-2nA 2+n-3nA )

The result is sharp féi(z) = i +

Proof: Let f € N(4,n,c). Then

h(z) = flx( Y —1+ (1-1n)c +z°° x (@)anz
z —xoufuz u—Z 1+77—27MZ n=2x+n+1a" a)a,z™.

It is sufficient to show that

» x[n+ ¢ —eA(1+n)]oy(ay)
Zm x+n+1)A-9)1-0) tn < 1. (22)

Sincefe NV (4,1, c), we have

ZOO (n +n—-—nA(1+ n))an(al) <1
ez A-m-o o

Therefore (22) is true if
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xln+ ¢ — @A +m)lon(a) _ (n+n—111+n))o,(a,)
x+n+DA-@)(A-c) 1-n-o) '

Solving forg, we have

(x+n+ 1)(n +n—nl(1+ n)) —xn(l-n1—-c)
Q= = ¥(n).
x(1-mA-o1-2A+n)]+x+n+ 1)(n +n—-nA(1+ n))

A simple computation will show th&t(n) is increasing an®¥(n)>¥(1).m
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