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Abstract

By the symboLy(X, 8) we denote the class of all X- semilatticesions
whose every element is isomorphic to an X- seme#atf form D = {Z, Z;, Zs,
24, Z3, 25, Z1, D}, where

Zz,02,0z00D Z,02,0Z2,0D, Zg0Z0OZ0OD Z,0Z0Z00D
z,02,02,0D, Z,02Z 020D
z\z; 20, (i,j)0{(7.6).(6.7).(54).(45).(53).(35).(4.3).(3.4).(21),(L2)}.

The paper gives description of idempotent elem&fise semigroup gD) which
are defined by semilattices of the claSgX, 8), for which intersection the
minimal elements is emptyWWhen X is a finite set, the formulas are derived, b
means of which the number of idempotent elementshefsemigroup is
calculated.

Keywords: Semilattice, Semigroup, Binary Relation, ldempiogement.
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1 Introduction

Let X be an arbitrary nonempty set, D be a X -semilattice of unions, i.e. a
nonempty set of subsets of the set x that is closed with respect to the set-
theoretic operations of unification of elements from D, f be an arbitrary map-

ping from X into D. To each such a mapping f there corresponds a binary
relation o, ontheset X that satisfies the conditiona, = J({x} x f(x)). The set

xOX

of all such o, (f:X - D) isdenoted by B, (D). Itiseasy to provethat B, (D) is

a semigroup with respect to the operation of multiplication of binary relations,
which is called a complete semigroup of binary relations defined by a X -
semilattice of unions D (see ([1], Item 2.1).

By O we denote an empty binary relation or empty subset of the set X. The
condition (x y)Oa will bewritteninthe formxay. Let xyOX, YO X, a0OB, (D),

TOD, O0#D'0OD and tOD=|]JY. Then by symbols we denote the following

YOD

sets:

ya ={xO X| yr }, w=yLDJ v, {Do)={ ¥| ¥ P

Y

X"={T|02T0 X, O={Z0OD|0Z, ¥Y={ K § a= T,

D, ={z’0D|TOZ}, O ={zOD|zOT.

By symbol 0(D,D,) we mean an exact lower bound of the set D' in the
semilattice D .

Definition 1.1: Lete 0B, (D). Ifece=¢, thene¢ is called an idempotent element of
the semigroupB, (D) ande is called right unit iface=a for any a0OB, (D)
(see [1], [2], [3]).

Definition 1.2: We say that a complete Xemilattice of unions Ds anXxi-
semilattice of unions if it satisfies the followitvgp conditions:

a) 0(D,b,)0D forany tOD;

b) z=JO(D,D,) for any nonempty element z of D. (see ([1], definition

toz

1.14.2), ([2] definition 1.14.2), [3], or [4]).

Definition 1.3: Let aUB(D, TOV(X%a) and ¥ ={yox|y=T. A
representation of a binary relatiom of the forma:UTw(XDa) (¥ xT)is colled

guasinormal.
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Note that, if a=U YT"xT)is a quasinormal representation of a binary

Tov( X%a) (

relation a , then the following conditions are true:

1) X = UTDV(Xj,a) Yra ;

2) Y ny =0, for T,TOV(Xa) and T£T';

Let X,(X,m) denote the class of al complete X -semilattice of unions where
every element isisomorphic to afixed semilattice D (see[1]).

Definition 1.4: We say that a nonempty elem&nts a nonlimiting element of the
setD' if T\I(D',T)#0 and a nonempty elementis a limiting element of the set

D' if T\I(D',T)=0 (see ([1], Definition 1.13.1 and 1.13.2), ([2], Deifion 1.13.1
and 1.13.2]).

Theorem 1.1:Let D be a completex - semilattice of unions. The semigroup
B, (D) possesses right unit ifbis an XI-semilattice of unions (see ([1],

Theorem 6.1.3), ([2] Theorem6.1.3), or [5]).

Theorem 1.2:Let X be a finite set and(a) be the set of all those elememtsf
the semilatticeQ=V(D,a)\{0} which are nonlimiting elements of the sgt. A
binary relation o having a quasinormal representatiomr= | J (YT"xT) is an

TOV(D.a)

idempotent element of this semigroup iff

a) V(D,a) iscomplete XI - semilattise of unions;
b) U % OT forany TOD(a);
T'0D(a),
C) Y7 nTz0 for any nonlimiting element of the set D(a), (see ([1], Theorem

6.3.9), ([2], Theorem 6.3.9) or [5]).

Theoreml.3.Let D, £(D), E{'(D') and I denote respectively the complete-

semilattice of unions, the set of adl - subsemilatices of the semilattice, the
set of all right units of the semigrouf, (D') and the set of all idempotents of the

semigroupB, (D). Then for the set&{’(D') and I the following statements are
true:

b) if 00D, then

1) EY(D)nEY(D)=0 for any elements D' and D" of the set =(D) that satisfy
the condition D' # D";
2) 1= U EY(D);
(©)

D'OZ
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3)  The equality [I|= Y |E(D) is fulfilled for the finite set X (see ([1],
D'E(D)

statement b) Theorem (6.2.3) , ([2] statement b) Theorem 6.2.3), or [5]).

2 Results

By the symbol z,(X,8) we denote the class of al X - semilattices of unions whose
every edement is isomorphic to an X-semilaitice of form
D={2%.%,%, % 2, % D, where

zZ;02,0z0D zZ0OZ0OZOD %0%Z0 20D

Z,0z,0z0D 2z0Zz0z00D z02Z0 20 D (1)
Z\Z,20, Z\z#0, 2z\Z#0, Z\%Z#0, %\ Z=z0,

Z\Z, 20, zZ\Z#0, Z\Z=#0, Z\z#0, Z\ g#0

The semilattice satisfying the conditions (1) is shown in Figure 1. Let
c(p)={r,.P,P,.RP,P,R,P,P} is a family sets, wherer,R,R, R, R, B, B P ae
pairwise digoint subsets of theset X and

¢:(5214 Z % % % zj
RRBRRE PP

is amapping of the semilattice D onto the family sets C(D) . Then for the formal
equalities of the semilattice D we have aform:

D=RURUBUORUORO RO RO P
2,=ROROROURD RO RO P
Z,=RURURORU BU RU P

Z,=RORORORO RO P )
Z,=RORURO RO R

Z,=RURURD RO RU P

Ze=RURUR

Z,=ROROR

Here the elements B, R, B, R are basis sources, the element R,B, R, P iS sources
of completenes of the semilattice D . Therefore |X|=z4 and o=4 (see ([1], Item
11.4), ([2], Item 11.4) or [3]).

Now assume that D 0%, (X,8) . We introduce the following notation:

1) Q ={T},where TOD (seediagram 1in figure 2);

2) Q ={T,T},where T,TOD and TOT (seediagram 2in figure 2);

3) Q={T. T, T},where T,T"TTOD and TOT OT" (seediagram 3 in figure
2);
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4)
5)
6)
7)

8)

9)
10)
11)

12)
13)

14)

15)

16)

Q ={T.T.7. 0 ,where T\ TTOD and TOT'OT"0D (seediagram 4 in
figure 2);

Q={T. 7.7, TO T}, whereT,T,T'OD, TOT,6 TOT" and T\T=z0,
T'\T' # 0 (seediagram 5in figure 2);

Q={T.z.2z.3, where TO{Z.2}, 2,20{z,12}, z* Z,
Z\Z'#0,Z\z#0 (seediagram 6 in figure 2);

Q={T.,7, 7, 70T, D, whereT, T, T'0D, TOT, TOT" and T\T"#0,
T\T'20 (seediagram 7 in figure 2);

Q={TT.2,207T 2%, where

TH{z,z}, 70{z.z}, 2,07, z0{Z,Z}, 2, OT'# Z TOT and
T\z,20, Z,\T'#20, (Z,0T)\z#0, 2\(ZO T)#0 (see diagram 8 in
figure 2);

Q ={T,7,TOT}, whereT, TOD,T\T#0, T\T#0 and TnT=0 (See

diagram 9 in figure 2);
Qo ={T.7.TOT, T}, where T,T,T'OD, TOT OT" T\Tz0, T\Tz0O and

TnT =0 (seediagram 10 in figure2);

Q.={2.%.2.2 0, where z0{z,,z} and znz=0 (see diagram 11 in
figure 2);

Q.={%.%.2.2,2, 0, where znz=0 (seediagram 12 in figure 2);
Q,={T.T.7T0T, T, 3, whereTTT,ZOC, (TOT)0z, TOTOZ,
(TOT©\T=20, T\(TOT)20 and TnT" =0 (seediagram 13 infigure 2);
Q14:{T,T',Z4, Z 2, t} , Wwhere T,T',2ZOD, (TOT)OZz, T'DzOZOD,
z\zz0O, z\z,#z0 and Tnz=0 (seediagram 14 in figure 2);
Q={T"T.2,7.zT0 z D, where T,T0{z.z}, T#T, TOT,
T{z,z}, z,0z, zOT'0Z=D, (T'0z)\z£0, zZ\(T'0DZ)=0,
T\z20, z\T#20 and T nT' =0 (seediagram 15 in figure 2);
Qs={2.2.%.2.2 2,2 D, where znz=0 (see diagram 16 in figure
2).

. ToT D D D
T” .
T LT T/ \T" Z z' TOT Z,0T z
T T' Z n I
I 4 T T T Z,
[ ]
T T T 7T T T T T
1 2 3 4 5 6 7 8
" ~ Ij Z ' '
Z, TO T
Zy
Z6 Z7 T T
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Denote by the symbol X(Q) (i=12...16)the set of all XI -subsemilattices of the
semilattice D isomorphic toQ . Assumethat D'0X(Q) and denote by the symbol
1 (D) the set of all idempotent elements o of the semigroup B, (D'), for which the
semilattices v (D,a) and Q aremutualy o isomorphic andVv (D,a)=Q.

Definition 2.1: Let the symboE}, (X, D) denote the set of alki -subsemilattices
of the semilattice .

Let, further, D,D'OY'(X,D)ands,, O}, (X,D)xX} (X, D). It is assumed that
DY, D'if and only if there exists some complete isomorphism ¢ between the
semilattices D andD'. One can easily verify that the binary relation 9, is an
equivalence relation on the set >}, (X, D).

Let D’'be an XI-subsemilattices of the semilattice . By 1(D’) we denoted the set
of all idempotent elements of the semigroup B, (D) and|I”(Q)[= > [I(D),
D'0Q 5%

where i=12,...,16.

Lemma 2.1:1f DOZ,(X,8), then the following equalities are true:

1) || (Q1)| =1;

2) |I (Q, )| - (Z\T'\T\ _1) XTI

3) |I (Q, )| = (Z\T'\T\ _1) [(3\T~\T'\ _ o™\ ) R

4) |I (Q4)| = (Z\T'\T\ _1) [@3*“"‘” _ o™\ ) EMDW‘ _gom ) 20 ;

9 (1@ = (27 1) e )
6) || (Qe)| :(Z\ZA\T\ _1) plZ02)z| [@jZ\Z\ —242\2‘)[@3 22_42 z)[ﬂxuj\ ;

7) || (Q7 )| = (Z\T’\T"\ _1) EQZ\T"\T'\ _1) [églj\(T'DT")\ _ oD ™) ) [ﬂ X g :
8) |I (Q8)| - (Z\T'\z\ _1) [@2‘2“‘” _1) [éjz\(z4mT')\ _JA(z0T) ) Tk :
9) ) '

10) I (Q10)| = (4\T"\(TDT | g™ T)\)m\xw\
11) || (Q11)| (4\2\24\ 3\2\24\ [édo\z\ AD\Z‘)[E_JX\q
12)  [1(Qu)= (4% ~g= =) 4= 4 3% 4) 5

13)  |1(Qw) = ( ST\ _1) E
14) || ( ( ol2\24) _ [(6\15\2'\ _5\5\2'\)[6‘x\[‘)‘ :
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15) |I (Q1 )| = (2\T~\z\ _1) [(4\2\(?'5 z) _gla(ro A)\)U\X\D\ :
16) ‘I (le ( ofz\2) _ )[Qz\zg\zz\ )B\X\é\ (sce [6] Lemma3.3).

Theorem 2.1: LetDO0Z,(X.8), Z,nZ=0,%n%#0, Zzn Z#0 andaO0B, (D).
The binary relationa is an idempotent relation of the semmigroBp(D) iff
binary relationa satisfies only one condition of the following cibiods:

Da=XxT,whereTOD;

Da=(\xT)O(¥xT), where TTODTOT, Y,w0O{0} and satisfies the
conditions: Y OT,YInT 20 ;

3)g:(\(TaxT)D(ygx T)D(\gx T), whereT, T, TOD,TOT OT Y, ¥, ¥.0{0} and
satisfiestheconditions: v/ OT, Y/ OY O T, Y nT20,YinT 20,

Ha =Y xT)O(¥xT)o(¥x T)o( ¥x D, where T,T,T"ODand TOT OT' O D,
Y, ¥, ¥, Y 0{0} and satisfies the conditions: Y'OT, YYOYWOT,
Y OY OYEOT, Y nT20,YInT"20,Y ' nD#0;

5)a=(YxT)O(wxT)o(¥xT)0( ¥.r.x T 7), where T,T7,7ODTOT,
TOT", T\T 20, T\T' 20, Y7, Y%, ¥ 0{0} and satisfies the conditions:
YO OT,YWOY¥oT,YnT20,YinT£0;

6)a=(YxT)0(¥xZz)o(¥x30(yx 20( <k, where T0{Z,2},
2,70{z,2}, zz 2z, z\zZ=z0,z\z#0, Y.Y.¥,YOO and saisfies the
conditions: Y OT, Y OY 0Oz, YOYOY Oz YOYOYoz,Ynz=z0,
YnzZ 20,YSnZ#0

Na=(YxT)O(¥x=xT)o(¥x T)O( ¥.rx( T M)O( < |, where T,7.7°0D
and TOT, TOT", T\T"20, T\T'20 Y., Y, ¥, ¥Y0{0} and satisfies the
conditions: Y OY O T, Y OY OT,Y nT20,YinT 20,Y nDz0;

8 a=(¥xT)O(¥xT)0(¥x Z0( ¥, x( D 2)0( 3 11 % ), where T0{Z, 7},
TH{z%,z}, 20T z0{z,2}, z0OT=#z TOT, T\z=z#0, Z,\T=#0,
(z,OTN©\zz0, zZ\(z,O0T)20, Y, ¥, Y, ¥YO{O} and satisfies the conditions:
YOV OT, Y OYO0Z,YOYO¥YO0Z Y nT20,YnZ20,Y n220;
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9) a=(YxT)O(WxT)O( ¥, x( T 1), where T,TOD, T\T'#0, T\Tz0O,
Y7, ¥ 0{0} and satisfiesthe conditions: v/ OT, Y/ OT;

10) a=(YxT)O(¥xT)0( Yo x( D 9)O( ¥x ¥, where TT,TOD, T\T'20,
T\T£0, Y. ¥, Y O{0} and satisfiesthe conditions: ¥/ OT, Y/ OT, Y\ inT 20,

1) a=(¥xz)0(¥xZ)0( ¥x 20( yx (% Pwheez{ Z . F Y Y Y0
and satisfies the conditions:
YO0z, ¥0Z YOYO YO YO0 Z&Nn ZO, M B0

12) a=(yxz)0(¥xz)0(¥x 20( ¥x 20( = JO( o b whee V7Y, Y, ¥ O{0)
and satisfiesthe conditions: v* 0z, Y0 z, YYOY Oy Oz, YYOYOY O Z,
Y, nZz0, Y'nZ=z0.

Proof: In this case, whenz, n z, =0, from the Lemma 2.3 in [6] it follows that

diagrams 1-12 given in fig.1 exhibit al diagrams of xi - subsemilattices of the
semilatticesD, a quasinormal representation of idempotent elements of the
semigroup B, (D), which are defined by these xI - semilattices, may have one of

the forms listed above. The statements 1)-4) immediately follows from the
Corollary 13.1.1 in [1], Corollary 13.1.1 in [2], the statements 5)-7) immediately
follows from the Corollary 13.3.1 in [1], Corollary 13.3.1 in [2] and the statement
8) immediately follows from the Theorems 13.7.2 in [1], Theorems 13.7.2 in [2],
The statements 9)-11) immediately follows from the Corollary 13.2.1 in [1],
13.2.1in[2], the statement 12) immediately follows from the Corollary 13.5.1in
[1],13.5in[2].

The Theorem is proved.

Lemma 2.2:Let DOZ,(X,8) and z,nZ; =0, Z n 20, Zn zz0. If X is afinite
set, then the number(Q,)| can be calculated by the formula

|| D(Qg)| — gmz‘,\_

Proof: By definition of the given semilattice D we haveQ,6,, ={{z,.z, z}} . If the
following equality ishold D;={z,,z,z}, then |1 °(Q,)|=|1 (D;)| . From this equality
and statement (9) of Lemma 2.1 we obtain validity of Lemma2.2.

The Lemmais proved.

Lemma 2.3:Let DOZ,(X,8) and z,nZ; =0, Z n z#0, Zn zz0. If X is afinite
set, then the number(Q,,)| can be calculated by the formula
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1°(Qu)| = (47 -3=' =) @2 + (424 -3 2 4l * 2 +(4\w4\ _§D\z4\)@qu_
Proof: By definition of the given semilattice D we have
W {z222{2224{z222)
If the following equalities are hold
0={2,.2.2.2}.8={2.%,2 3. 0= z 2 7 b then
1) =1 @)+ (@2) +) (B3)

From this equality and statement (10) of Lemma 2.1 we obtain validity of Lemma
2.3.

The Lemmais proved.

Lemma 2.4:Let DOZ,(X,8) and z,nZ; =0, Z n 20, Zn zz0. If X is afinite
set, then the number(Q,,)| can be calculated by the formula

17(Qu)| = (4% —dZZ‘Z‘*‘)[és‘D‘ZZ‘ _Lﬂwz\)[w (4 _gm,,\)[égw . M)@ "
Proof: By definition of the given semilattice D we have
Qb ={{z.2.2.2.8{2.2. 2 2z B.
If the following equalitiesare hold D;=(z,.7.2,.2.03.0=(2. 7, 7 z D then

[17(Qu)] =1 (©))] +]1 (D3)]

From this equality and statement (11) of Lemma 2.1 we obtain validity of Lemma
2.4.

The Lemmais proved.

Lemma 2.5:Let DOZ,(X,8) and z,nZ; =0, Z n z#0, Zn zz0. If X is afinite
set, then the number-(Q,, )| can be calculated by the formula

|I E(Q12)| — 3znz)z| [le\zz\ _3\21\22\)[@4\22\%\ —32 ;‘)I]B‘X\D‘_

Proof: By definition of the given semilattice D we have
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b ={{2. 2.2, 2. 2. 8}
If the following equality ishold D;={z,.z,z.2,2, 3, then |1°(Q,)|=]I (D;)

From this equality and statement (12) of Lemma 2.1 we obtain validity of Lemma
2.5.

The Lemmais proved.

It was seen in [6] that k, :_ZS:|ID(Q)| . Now, let us assume that

by = 17(Qu) +[17(Qu )| +1 7 (Qu)[+]17(Q0)| =
—gx\z +(4\zz\z4\ _3422\4\)@ X Z| +(4\ 17 _42 ;q)m\ X ;_'_(4\5\24\ —SJD\Z"‘)B‘JX\q +
+(4\zz\z4\ _jzz\z,,\)[ég)\ﬁ\zz\ _4\5\22\)[#(@ +(4\zl\z4\ _jzl\z,,\)[ééb\zl\ _AD\;\)DTJ g
+§(22n21)\24‘ Ele\zz\ _qul\zz\)[ﬁdr\zz\zl\ —ézz\zl‘)[dxm‘

Theorem 2.2:Let DOZ,(X,8) and z,nZ =0, Zn %0, Zn Zzz0. If X is a
finite set andi, is the set of all idempotent elements of the seufp, (D), then
1o =k, +k,

Proof: This Theorem immediately follows from the Theorem 2.1.
The Theorem is proved.

Theorem 3.1: LetDOZ,(X.,8), Z,nZ=0,%n%=0, Zn Z#0 andaO0B, (D).
The binary relationa is an idempotent relation of the semmigreypD) iff

binary relation ¢ satisfies only one condition of the Theorem 2rid anly one
following conditions:

13) a=(Yyxz)O(¥xz)0(Yx z)0( ¥ 20(.¥x 4, where Y/,¥, Y 0{0}
and satisfiesthe conditions. v/ 0z, YO z, YO YO Z ¥n Z20;

14) a=(¥xz)0(¥xz)0(¥x Z)0( ¥x 20( 9% 20( & o where
Y, ¥, Y, ¥ 0{0} and satisfies the conditions:

Y'O0z,¥Y0Z ¥YOYO 2 ¥n Z£0, Y0 BO;

15) a=(Yxz)0(¥* Z)0( ¥x 20( ¥x 20( o F0( % 0 o¥ ) rwhere
Y, ¥, Y, YOO and satisfies the conditions:
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YOz, YOz YOYO ZYOYWOYOZ YWnzz20,YnZ20;

Proof: In this case, whenz, nz,=0, Zz n z=0, Zn Z#0, fromthe Lemma 2.4 in

[6] it follows that diagrams 1-15 given in fig.1 exhibit all diagrams of xi-
subsemilattices of the semilatticesD , a quasinormal representation of idempotent
elements of the semigroup B, (D), which are defined by these Xxi - semilattices,

may have one of the forms listed above. The statements 13), 14) immediately
follows from the Corollary 13.4.1 in [1], 13.4.1 in [2], the statement 15)
immediately follows from the Theorem 13.10.2in [1].

The Theorem is proved.

Lemma 3.1:Let DOZ,(X,8) andz,nZ, =0, Z n =0, Zn Zz0.If X is afinite
set, then the number(Q,)| can be calculated by the formula

|| D(Q9)| — dX\Zl\ +jX\Z,,\.
Proof: By definition of the given semilattice D we have
Qb ={{z, %, 2} {z. 2, 2}}.

If the following equdities are hold D/={z,7z,z},83={7,%, 7, then
19(Qo)| =1 (D) +|1 (D3)] . From this equality and statement (9) of Lemma 2.1 we
obtain validity of Lemma 3.1.

The Lemmais proved.

Lemma 3.2:Let DOZ,(X,8) andz,nZ; =0, Z n =0, Zn zz0.If X is afinite
set, then the number’(Q,)| can be calculated by the formula

|ID(Q10)| =(4\5\zl\ _gozf) 4 xd +(4\zz\z4\ —3‘22\24‘)@“22\ .
+(4\zl\24\ _jzl\l‘\)m\ X 2| +(4\D\z4\ _3\|j\z4\)m‘x\q

Proof: By definition of the given semilattice D we have
b ={{Z.2.2.2}{2.22.3{2 2 2D{ 7z 2 2D.
If the following equalities are hold

0=(2,2.2.2}.8=(2.222.0={zzzph D[ zz 2P
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Then [17(Q,)| =] (D;)|+]1 (D) +] (©3)]+] @) . From this equality and statement
(10) of Lemma 2.1 we obtain validity of Lemma 3.2.

The Lemmais proved.

Lemma 3.3:Let DOZ,(X,8) andz,nZ; =0, Z n =0, Zn zz0.If X is afinite
set, then the number’(Q,,)| can be calculated by the formula

|| D(Q13)| - (2\23\24\ _1) @mzl\_

Proof: By definition of the given semilattice D we haveQ,6,, ={{z,.7%. 2.z, 7} .
If the following equality is hold D;={z,.Z,2,%, 2}, then |1°(Q,)| =[1 (D;)| . From
this equality and statement (13) of Lemma 2.1 we obtain validity of Lemma 3.3.

The Lemmais proved.

Lemma 3.4:Let DOZ,(X,8) andz,nZ, =0, Z n =0, Zn zz0.If X is afinite
set, then the number'(Q,,)| can be calculated by the formula

|| E(Q14 )| - (2\23\24\ _1) [ée\lj\zl\ _EJlj\zl\ ) I]B‘X\q_

Proof: By definition of the given semilaitice D we have
Qb ={{z.2.2.2.2.8}. If the following equaity is hold
D;={2,.2,%.%,2, 3, then |17(Q,)|=|1 (D;) . From this equality and statement (14)
of Lemma 2.1 we obtain validity of Lemma 3.4.

The Lemmais proved.

Lemma 3.5:Let DOZ,(X,8) andz,nZ, =0, Z n =0, Zn Zzz0.If X is afinite
set, then the number'(Q,;)| can be calculated by the formula

|I E(Q15)| = (2\z3\zz\ _1)[Q4\z2\21\ _jzz\z\)g\xxo\.
Proof: By definition of the given semilattice D we have

Qb ={{2.2.2.2.2. 2. 9}
If the following equality is hold D;={z,.z,2,%,2,2 B, then |1°(Q,)|=]I (D}) .

From this equality and statement (15) of Lemma 2.1 we obtain validity of Lemma
3.5.
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The Lemmais proved.

Let us assume that
=[17(Q)] #[17(Qu)| #{17(Qu)| #{17(Qu )+ [17(Qus ) + [17(Qu)| +[1(Qs)| =
= Pal pgxal  (40a _ g0 m\X\ﬁ+(Lﬂzz\zaw_gzz\zaw)mxxa\+
+(4\zl\z4\ _gzl\zaw)QﬂX\z\ +(4\f>\24\ _jb\za\)m\md +(4\zz\z4\ _gzz\a\)[égb\zz\ _Al\ﬂzz\)[gmu
+(4\zl\z4\ _gzl\za\)gégﬁ\zl\ _4\5\21\)[@@ +3@02)z| [lexzz\ _gzl\zz\)[éﬂr\ 2\7 _g32 z\)@\X\D\ +
+(2\z3\z4\ _1)[5%21\ +(2\z3\a\ _1)46\6\21\ _5\'3\21\)[6\@ +(2\za\zz\ _1) [Q4\Zz\21\ _gzz\zlw)g\m\

Theorem 3.2:Let DOZ,(X,8) and Z,nz,=0, Zn =0, zn Zz0.If X is a
finite set andi, is the set of all idempotent elements of the semjgB, (D), then
1| =k, +k;.

Proof: This Theorem immediately follows from the Theorem 3.1.
The Theorem is proved.

Theorem 4.1: LetD0OZ,(X.8), Z,nZ=0,Zn%=0, Zn 220 anda OB, (D).
The binary relation o is an idempotent relation of the semmigroup B, (D) iff

binary relation o satisfies only one condition of the Theorem 2.1 and only one
following conditions:

13) a=(Yyxz)0(¥xz)0(Yx 3)0(¥x 2o(¥x 2, where Y7, ¥, ¥ {0}
and satisfies theconditions: Yy 0z, YO Z, YO YO Z ¥n 20,

14) a= (Y”XZ)D(\%”X%)D(YX g)o( ¥x 2o( ¥ g0( v p
where Y/, ¥, ¥, ¥ O{0} and satisfies the conditions:

YY0z,¥Y0Z YOYO Z ¥ 0, Y BO;
15) a=(wxz)0(¥= Z)0( ¥x 20( §x 20( 8 40( % o o )i where
¥, ¥, Y D{0O} and satisfies the conditions:
YY0Z,Y¥0Z,YO¥WO0DZ,YWOYOYOZ ¥YnZz0, Y nz#0.
Proof: Inthiscase, whenz, nz;=0, Z;n Zz =0, Zzn #0, fromthe Lemma2.5in

[6] it follows that diagrams 1-15 given in fig.1 exhibit all diagrams of xi -
subsemilattices of the semilattices D, a quasinormal representation of idempotent
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elements of the semigroup B, (D), which are defined by these XI - semilattices,
may have one of the forms listed above. The statements 13), 14) immediately
follows from the Corollary 13.4.1 in [1], 13.4.1 in [2], the statement 15)
immediately follows from the Theorem 13.10.2 in [1].

The Theorem is proved.

Lemma4.1l:Let DOZ,(X,8) and z,nZ; =0, Zn =0, Zzn 0. If X is afinite
set, then the number'(Q,)| can be calculated by the formula

19(Q,)| =3 +3'4.

Proof: By definition of the given semilaitice D we have
Qb ={{z,.%.2}{%. 2. 2}}. If the following equalites are hold

D;={Z,,Z.2},0={Z, 2, 3}, then |1°(Q,) =|1 (D;)|+| (D;)|. From this equality and
statement (9) of Lemma 2.1 we obtain validity of Lemma4.1.

The Lemmais proved.

Lemma 4.2: Let DOZ,(X,8) and Z,nZ =0, Zn%=0, zn zz0. If X isa
finite set, then the number |1°(Q,)| can be calculated by the formula

|| D(Qlo)| - (4\5\22\ _345\22\ m\x\ﬂ +(4\zzxz4\ —jZZ‘A\)gﬂX\Zz\ N
+(4\zl\24\ R EARAR T TRAE +(4\5\z4\ _éﬁ\z4\)uﬂx\q.

Proof: By definition of the given semilattice D we have

Qb ={{z.2.2.2}{2.2.2.3{2 2 2 P{ 22 2D
If the following equalities are hold
0={2.%.2.2}.8={2.22 3. 0={ 22z b b{ 22 2]

then|17(Q, )| =[1 (D;)|+]1 (D3)|+] (3)|+}l ()| . From this equality and statement (10)
of Lemma 2.1 we obtain validity of Lemma4.2.

The Lemmais proved.

Lemma 4.3:Let DOZ,(X,8) and z, nz; =0, Zn =0, Zzn Z#0. If X is afinite
set, then the number(Q,,)| can be calculated by the formula
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Q) = (254 1)z

Proof: By definition of the given semilattice D we haveQ,6,, ={{z,. 7. Z. Z. 2}}.
If the following equality is hold D;={z,,%,Z%,2, z}, then |1°(Q,)|=|1 (D;)|. From
this equality and statement (13) of Lemma 2.1 we obtain validity of Lemma4.3.

The Lemmais proved.

Lemma 4.4:Let DOZ,(X,8) andz,nZ; =0, Zn =0, zn 0. If X is afinite
set, then the number-(Q,,)| can be calculated by the formula

|I E(Q14)| - (2\25\24\ _1) [édlj\zz\ _dD\ZZ‘)[dX\q_

Proof: By definition of the given semilaitice D we have
Qb ={{z.2.2.2.2.8}. If the following equaity is hold
D;={2,.2.%.%. 2, D, then |17(Q,)| =l (D;)| . From this equality and statement (14)
of Lemma 2.1 we obtain validity of Lemma4.4.

The Lemmais proved.

Lemma 4.5:Let DOZ,(X,8) and z,nZ; =0, Zn =0, Zn 0. If X is afinite
set, then the number’(Q,,)| can be calculated by the formula

|I E(Q15)| = (2\25\21\ _1) [le\zz\ _jzl\zz\)D,\xxb\'

Proof: By definition of the given semilaitice D we have
Qb ={{2.2.2.2.2.28}). If the following equaity is hold
D;={2,2.%,%,2,2 B, then [I"(Q,) =|1 (D;)|. From this equality and statement
(15) of Lemma 2.1 we obtain validity of Lemma4.5.

The Lemmais proved.

Let us assume that
Ky =]17(Q )| +[17(Quo )] + 1 7(Qu)] 17 (Qu )] ] 17(Qus)] +[17(Qua)] +]17(Qs)| =
_ gzl L gxz| 4\[')\22\ _ﬁﬂ\zz\)m\xﬂ +(4\zz\z4\ _jzz\z,,\)mmzz\ +

+(4\zl\z4\ _jzl\a\)@f\X\ 3 +(4\D\24\ _jb\za\)m\“q _,_(4\22\24\ _jzzxzaw)[ég D\z| _4"3\22‘)@ XD
+(4\z1\z4\ _gzl\a\)[égﬁ\zl\ JD\ZA)@M +3@n2)2 [le\zz\ _gzi\zzw)[éﬂr\ 2\7 _g32 z\)@\X\D\ +
+(2\zs\24\ _1) mx\zl +(2\25\24\ _1) [édmzz\ _gﬂ\zz\)[@mi +(2\25le\ _1) [le\zzw _gA\zzw)U\X\D\
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Theorem 4.2: Let DOZ,(X,8) and Z,nz, =0, Zn Z=0, Zn z20. If X is a
finite set andi, is the set of all idempotent elements of the sefp, (D), then
[1o| =k +k;.-

Proof: This Theorem immediately follows from the Theorem 4.1.
The Theorem is proved.

Theorem 5.1:Let DO5,(X,8), Z;nZ; =0, Zgn Z =0, Zn =0, Zn Z#0 and
aOB, (D). The binary relation o is an idempotent relation of the semmigroup
B, (D) iff binary relation o satisfies only one conditions of the Theorem 3.1 and
only one conditions of the Theorem 4.1.

Proof: Inthiscase, whenz, n z; =0, Zyn Z =0, Zn z=0, Zn %#0, fromthe
Lemma 2.6 in [6] it follows that diagrams 1-15 given in fig.1 exhibit all diagrams
of xI-subsemilattices of the semilatticesD, a quasinormal representation of
idempotent elements of the semigroup B, (D), which are defined by these Xi -

semilattices, may have one of the forms listed above. This Theorem immediately
follows from the Theorems 3.1 and 4.1.

The Theorem is proved.

Let us assume that

ks =[19(Q) ] 1(Qu)] + 1 Qu)|+1 () +[17(Qa)] +1(Qu ) +{1°(Qs)| =
=§X\zlw+gX\zew+3w+(4\f>\21\_jb\zl\)@ﬂmm(‘ﬂmz\_j‘fw\ m\ﬂh(‘ﬂzﬂm _3zz\z,\)mmaw+
+(4\z1\m _gzl\a\)mmur(imza\ _jb\a\)@ﬂX\ﬁ+(4zz\z4\ _jzz\z,\)[égme\ - \M\)@MD\ +
+(4‘21‘Z«\ -jzﬂm) [@éf"zﬂ _4\5\21\) oL CUEAIE [@4\21\22\ _jzl\zz\)[@‘l\zz\ 7 _jé\a)[@xﬂ +
+(jzs\z4\ _1)@“4\ +(jza\2a\ _1)@\4 +(j?5\a\ _1) [édb\zz\ _gb\zz\)[@w +(jza\2a\ _1) [édnzl\ _gm\) B0y
+(gza\zz\ _1) [@4\22\21\ _gzz\zlw) 7% +(jz5\zlw _1) [@4\21\22\ _gm\) 70

Theorem 5.2:Let DOZ,(X,8) and z,nZ;=0, Z n =0, Zzn Z=0, ZgnZyz0. If
X is a finite set and,is the set of all idempotent elements of the semgr
B, (D), thenjl,|=k +k;.

Proof: This Theorem immediately follows from the Theorem 5.1.

The Theorem is proved.
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Theorem 6.1:LetD0%,(X,8), Z;nZ,=0 anda OB, (D). The Binary relationa
is an idempotent relation of the semmigroap(D) ifidloy relation o satisfies
only one conditions of the Theorem 5.1 and onlyfolewing condition:

13) a=(wxT)O(¥xT)0( ¥, x( T )0 ¥x YO( ¥ )z where

TT,T,ZODR(TOT)0Z T OT' OZ (TOT\T20 T\(TOT)20, T\T'20, T'\T#0
, Y2, ¢ 0{0} and satisfies  the conditions: Yy OT, YW OT, Y/OYOT",
YinT #0;

16) a=(7x2)0(x 2)0( ¥ (< J0{ s J0{ 2 ol Jo( %),
where Y7, ¥, ¥, Y 0{0} and satisfies the conditions:

YOz, YOz YOYOZ YOY0Z, YWnZ#0,Ynz=0.

Proof: In this case, whenz,n z, =0, from the Lemma 2.7 in [6] it follows that
diagrams 1-16 given in fig.1 exhibit al diagrams of x| - subsemilattices of the
semilatticesD, a quasinorma representation of idempotent elements of the
semigroup B, (D), which are defined by these xI - semilattices, may have one of
the forms listed above. The statement 13) immediately follows from the Corollary
13.4.1in[1], 13.4.1in[2]. Now we will proof the statement 16). It is easy to see,
that the set D(a)=(Z,.Z, %.%. %, 2, Z B is agenerating set of the semilattice D.
Then the following equalities are hold:

D(a), =(z}, B(a), ={z}, Dla), ={2.2}, Ua),={2. % 3},
s

b(a), ={z.2}.Da), ={2.%.2,2.2}, Ba),={2 2 2 2 &

1

By statement b) of the Theorem 1.2 follows that the following conditions are true:

Y7HDZ7-fD%- Y’D %?D Z' XD GEYD 4aYD 4Z 60,\D 3H\D 3';
YOYOoYoyYoyo z YO Y0 &0 M0 Z
YyOyoynozozoy=z0 0o Z
YOyoyoyoy=(yo do(yo M No o
0z,0z0¥=2z0Y0O Z,

YOyoyoyoy=(yo o yMo(M No oo
0z,0z0Y¥=z0Y0O Z

i.e., theinclusions

YOYoyYoz YOYO Yo ¥0O YO ,Z2 MI 2D AW fo 2w , areadways
hold. Further, it isto see, that the following conditions are true:
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1(B,,.2,)=0(5, \{z}) =0, Z,\I(D,.2,)=z,\0 2D
1(B,,.2,)=0(B, [Z,}) =0, Z,\1(B,.Z,) =z,\0 £ 0
1(B,,.25) =0(B, \{Zs}) = 2, Z:\1(D, . 2,) = 2\ Z 200
1(B,,.2,) =0(B, \{Z}}) = Z,, Z,\1(D,.2,) = 2\ 2 2D
1(B,,.2,)=0(B, {z.}) =2, z,\1(B,.2,)= 2\ Z =00
1(B,,.2,)=0(0, (z.})=Z. Z,\I(B,.2,) =2\ 2 =0
(B,,,2,)=0(8, \{z}) =2, Z\I(D,,2) =2\ 2 =0

We have the elements z,,7;,z,z are nonlimiting elements of the setsD(a), ,
D(a), , D(a), and D(a), respectively. By statement c) of the Theorem 1.2 it
follows, that the conditionsy? nz 20, Y nz#0,¥nz=z0 and vy nz=z0 ae

hold. Sincez, 0z, z,02z, we have Y nz=z0 and Y7 nzZ=#0O. Therefore the
following conditions are hold:

Zg ! Zs

Y OZ,¥0Zz YOYO ¢ J0 Y0 £
YSnZz0, ¥ n Z#0.

The Theorem is proved.

Lemma 6.1:Let DO, (X,8) and z;n Z; =0. If X is a finite set, then the number
|17(Q,)| can be calculated by the formula

|17(Qp)| =34 43X +3*4 +340,

Proof: By definition of the given semilattice D we have
b ={{z.2.2}{2.2.2{2 2 3{ 2z 2z .

If the following equalities are hold

D/ =(2,.%.2}.0={%,2.2}. 2=(2 2 2. p={ 2 z Dithen

17(Qa)| =[1 ()| +]r (3)] +]1 (D3)|+} (©1)| From this equality and statement (9) of
Lemma 2.1 we obtain validity of Lemma6.1.

The Lemmais proved.

Lemma 6.2:Let DOZ,(X,8) and z; n Z; =0. If X is a finite set, then the number
|1°(Q,)| can be calculated by the formula
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|| E(Qle)| = (2\25\21\ _1) [Qz\za\zz\ _1) [g‘X\Ij‘.

Proof: By definition of the given semilaitice D we have
Qb ={{2.%2.2.2.2. 2,2 B}. If the following equaity is hold
D;={2,2.%.%,%, 2, 2 D, then |I"(Q,)| =|1 (D;)| . From this equality and statement
(16) of Lemma 2.1 we obtain validity of Lemma6.2.

The Lemmais proved.

Let us assume that

ks =|17(Q)]+17(Qu) *[17(Qu) +17(Qu )| #17(Qu ) +{1°(Qu) +[17(Q )| +[17(Q)
R LI L S e —jb\zi‘)mmq +(474 —jm‘)@,‘ X‘<q’+(4‘22‘2"‘ —jzz\z"‘)m‘x‘%‘ +
+(4\z1\z4\ _gzl\z,\)m\m\ +(4\D‘\24\ _3Jf>\24\)m\x® +(4\zz\z4\ _jzz\a\)[égb\zz\ _4\5\22\) 8

+(4‘21‘Z4\ -3421\4\)[@5‘21\ _4\5\21\)[54“'1 IR CAENEY [@4\21\22\ _gzi\zz\)[M 27 43 ZA)[@X\D\ +

+(jz5\z4\ _1) Xzl +(2\z3\z4\ _1) X3 +(jé\4\ _1)@\5\ +(2\%\ 7 _1) B0

(2 ) e -0 8 o () 6 -5 5 +

+(223‘ZZ‘ —1)[@4‘22‘21‘ —dzz\é‘)tﬂx‘q +(225‘21‘ —1) [@4‘21‘22‘ —3421‘22‘)[#“'4 +(225‘21‘ —1)[@2‘13‘22‘ —1)@*‘5‘

Theorem 6.2:Let DOZ,(X,8) and Z;nZ,=0 . If X is a finite set and is the
set of all idempotent elements of the semigrBy{D) , then |I,|=k +k..

Proof: This Theorem immediately follows from the Theorem 6.1.

The Theorem is proved.
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