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Abstract
In this paper, we introduce two new subclasses of the function class ¥ of
A-Bazilevi¢ functions of bi-univalent functions defined in the open unit disc.
We find estimates on the coefficients |az| and |as| for functions in these new
subclasses. The results presented in this paper would generalize some recent
works of Xu et al. and Ali et al.
Keywords: Analytic functions, Univalent functions, Bazilevi¢ functions,
Bi-univalent functions, Coefficient estimates.

1 Introduction

Let A denote the class of functions of the form
f(z)=2z2+ Z anz", (1)
n=2

which are analytic in the open unit disc U = {z € C': |z| < 1}. We also denote
by S the subclass of the normalized analytic function class A consisting of all
functions in A4 which are also univalent in U (see [1-4]). Familiar subclasses
of starlike functions of order £(0 < ¢ < 1) and convex functions of order £ for
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which either of the quantity

ére{zf/(z)} > ¢ and §R{1+ Zf”(z)} =3

f(z) f'(2)

The class consisting these two functions are given by S*(§) and K(&) , respec-
tively. For a constant § € (—n/2,7/2), a function f is univalent on U and
satisfies the condition that R{e®zf'(z)/f(z)} > 0 in U. We denote this class
by TS*(see [2]).

It is well known that every function f(z) € S has an inverse f~!, which is
defined by

FHfR) =2 (z€U)

and .
@) =, (wl <rolf):ro(f) = 7
In fact, the inverse function is given by
fHw) = w — agw® + (245 — a3)w® — (5aj — bagag + ag)w + -+ (2)

A function f € S is bi-univalent in U if both f and f~! are univalent
in U. We denote by X the class of all bi-univalent functions in U given by
the Taylor-Maclaurin series expansion (1). Lewin [5] investigated the class ¥
of bi-univalent functions and obtained the bound for the second coefficient.
Several authors have subsequently studied similar problems in this direction
(see [6]). Srivastava et al.[7], and Frasin and Aouf [8] introduced subclasses
of bi-univalent functions and obtained bounds for the initial coefficients. Re-
cently, Xu et al. [9], Goyal and Goswami [10] and Ali et al.[11] introduced and
investigated subclasses of bi-univalent functions and obtained bounds for the
initial coeflicients.

Let f and g be analytic functions in U, we say that f is subordinate to
g, written as f(z) < g(z) if there exists a Schwarz function w(z) in U, with
w(0) = 0 and |w(z)| < 1(z € U), such that f(z) = g(w(z)). In particular,
when ¢ is univalent, then the above subordination is equivalent to f(0) = 0
and f(U) C g(U).

Let

HU)={h:U - C,R{h(z)} >0 and h(0) = 1,h(2) = h(z)(z € U)}.

Assume that ¢ is an analytic univalent function with positive part in U,
©(U) is symmetric with respect to the real axis and starlike with respect to
©(0) =1, and ¢'(0) > 0. Such a function has series expansion of the form

0(z) =1+ Biz+ By2* +---, (B >0). (3)
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Obviously, p(U) € H(U).
Wang et al.[13] (also see Li [14]) introduced and investigated the class of
A—Bazilevi¢ functions consists of functions f € A satisfying the subordination:

G G0) R GE)

(@>0,A>0,u,A,BeR and A# B,-1<B<1;9¢€ 5)).

In this paper, using the subordination, we introduce the following two
classes of A—Bazilevic¢ functions of bi-univalent functions.

Definition 1.1 Let the function f(z), defined by (1), be in the analytic
function class A. We say that f(z) € UP(S,b, \) if the following conditions
are satisfied:

f(z) e X
and
{ciljﬁ [1 + 2 ((1 - )‘)ZJ{;S) (ﬂj))} +A (1 + Zﬁ;?) (f'(2)* = 1)]
—itanﬁ} € p(U) (4)
and
{Cz;ﬁﬁ [1 + [1) ((1 - A)w;(/g) (g(;u))“ + A (1 + w;&?) (g' (W)™ = 1)]
—itanﬁ} € q(U) (5)

(p(2),q(w) € H(U); z,w € U)
where € (=%,%2);b € C\{0};a > 0,A > 0;n € Ny, the function g(w) =

T 2072

f~Hw) is given by (2).

Definition 1.2 Let the function f(z) of the form (1), be in the analytic
function class A. We say that f(z) € LE(B,b,\) if the following conditions
are satisfied:

flz)ex

and

8 [1 1 ((1 - /\)zf’(z) (f(:’))a AL+ Z;/;i?)(f'(z))a - 1)]

—itan 8 < ¢(z)
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and

et 1/ wo(w) g(w) , wy" (W) ")) —
[1+ <(1 g g(w) ( w )T AL+ g (w) Jg(w) 1)1

—itan § < p(w)
(9(w) = f(w)zwe).

For f(z) € L(B,b,\) and ¢ = (322)7(0 < n < 1), Definition 1.1 readily
yields the following class B! (/3,b, \) satisfying:

f(z)ex
and
e’ 1 2f'(2)  f(2)\a 2f"(2)\ 10y nm
arg o5 B ll + 5 ((1 —A) 8 (?) + A1+ 702) )(f'(2)" — 1> <5
and
i85 1 ! "
arg [1 + 2 ((1 - A)‘”;(S;) (g(w“’>>a + AL+ °"5<L°‘)’))(g’(w))a - 1) <L
(g(w) = fH(w);0<n<1;2,wel)
For f(z) € LE(B,b,A) and ¢ = (1552)(—1 < B < A < 1), Definition 1.2
readily yields the following class LAP(3,b, \) satisfying:

f(z) e X

and

and
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For suitable choices of p,q and by specializing the parameters b, A\, a, 1, 8 in-
volved in the class UP9(3,b,\), LE(B3,b,\) and B(3,b, \), we also obtain the
following subclasses which were studied in many earlier works:

(1)Sx(€) = Ly *7'(0,1, 0)(Bi-Starlike function)(Brannan and Taha [6]);
(2)Kx (&) = L1 2 1(O, 1, 1)(Bi-Starlike function)(Brannan and Taha [6]);
(3)U(p,q) = UP*(0,1,0) (Xu et al. [9]);

(4)Mx(p, A) = U* (O7 1, A)(General Bi-Mocanu-convex function of Ma-Minda)
i

(

= L£(0,1,0)(Bi-Bazilevi¢ functions of Ma-Minda type [16]).

In this paper, estimates on the initial coefficients for class UP?(f3,b,\),
L#(B,b,\)and B1(3,b, \) are obtained. Several related classes are also consid-
ered, and a connection to earlier known results is made.

2 Coefficient Bounds for the Function Class
UL(B,b, )

Theorem 2.1 Suppose that f(z) € A of the form (1), be in the class
UP(3,b,\). Then

’a | < min |b‘ COSB\/’p ’2 + ’q( )’ (|p//(0>| + |q”(0)|)|b| COSB (6)
o (@ +1)(A+1) 2+ 2)[A + (1 +3\) + 1]

and

(Ip"(0)| + [¢"(0)])|bl cos B [b]* cos® B(Ip' (0)* + 14’ (0)[*)
4(a+2)21+1) 2(a+1)2(A +1)2 ’

bl cos B [p"(0)|[BA + a(3A + 1) + 3] + |¢"(0)[(BA + 1|1 — a|}

las| < min{

4(a+2) A+ DA+ a(BA+1)+1]
(7)
Proof. It follows from the conditions (4) and (5) that
oo - n LDy s L e ]
{14 Ja=nTE O aas T e -
= p(z)cos S+ isin 3 (8)

and
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= q(w) cos f 4 isin f, (9)

where p(z) € H(U),q(w) € H(U). Furthermore, the functions p(z) and ¢(w)
have the following series expansions

2 p(m)(o)
p(z) =14+piz+pz“+ - py = — (me N) (10)
and
2 q(m)<0)
4(w) = T+ @+ @u’ + - gn = == (meN) (11)

respectively. Now, in view of the series expansions (10) and (11), by equating
the coefficients in (8) and (9), we get

ef

+ [(a+ (A + 1)) az = pr cos §, (12)
e;f [(a £ 2)(2h + 1)ay + 2= D@ +2 2EA+ Uaﬂ =pycosf,  (13)
_6;6 [(a+ 1)(A +1)] a2 = g1 cos 3, (14)

and

i

c [(a +2)(2A + 1)(2a3 — a3) + (@ = Dia+2)BA+1)

a%] =qpcos . (15)

b 2
We find from (12) and (14) that
Pi=—q (16)
and )
2e [CEDALED T g — 24 ) ot 5 (17
Also, from (13) and (15), we obtain
ez;(a+2)[)\+a(3)\—l—1) + 1] a3 = (p2 + ¢2) cos . (18)

Therefore, we find from (17) and (18) that

g (Pt anbcos’s
2 2e2B(a + 1)2(\ +1)2

d
- W2 (p2 + g2)bcos 8 (20)
2 eBla+2)A+aBA+1) +1]
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Since p; = p'(0),p2 = p”2(0)7q1 =¢'(0),q2 = qHQ(O), it follows from (19) and (20)
that
a2 [b] cos B4/[p/ (0)[2 + |¢/(0) 2
- (a+1)(AN+1)
and

las| < J (1p"(0)] + |¢"(0)])|b] cos B
2] = 20+ 2)A +a(l1+3)) + 1]’

which gives us the desired estimate on |az| as asserted in (6).
Next, in order to find the bound on |as|, by subtracting (13) from (15), we
get
et

- [2(a+2)20 + 1] (a5 = a3) = (p2 — o) cos 3. (21)
Thus, upon substituting the value of a3 from (16) and (19) into (21), it follows
that

(p2 — q2)bcos 3 b? cos? B(p} + ¢F)
2e8(a +2)2A+ 1) 2e¥8(a+ 1)2(A+1)%’

as =

which yields
(Ip"(0)] +1g"(0)])Ibl cos B [bl* cos® B(|p'(0)|* + |¢'(0)[*)

4(a+2)(2XA+1) (a+1)2(N+1)2
On the other hand, by using (16) and (10) in (21), we obtain

beosfB DA+ a(l +3X) +3Jpa + BA+ 1)(1 —a)g

2¢8 (o + 2) A+ DA+ a1 +3X) + 1] ’
it follows that

a3 < b cos B [5A + a(1+3A) 4 3][p"(0)[ + (BA + 1)|1 — af[¢"(0)]
=40 +2) 22X+ 1)[A + a1 +3X) + 1] '

This completes the proof of Theorem 2.1.
For b = 1,8 = 0, Theorem 2.1 readily yields the following coefficient esti-
mates for UP?(0, 1, \).

Corollary 2.2 Suppose that f(z) € A of the form (1), be in the class
Ure(0,1,\). Then

|a2|<mm{¢|p B+ 1¢(0 rJ 7(0)] + ¢"(0)] }

lag| <

ag =

+1H(A+1) 2@+ 2)[A+a(BA+1) + 1]

and

P"(0)[ +1g"(0)] | ([P'(0)]* +¢'(0)]*)

4la+2)2A+1)  2(a+1)2(A+1)%°

Ip"(0)[[BA + a(3A + 1) + 3] + |¢"(0)[(BA 4+ 1)|1 — ¢ }
d(a+2)2A+ DA+ aBA+1) + 1] '

las| < min{
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For b=1,8=0,a =0,\ =0, we obtain the results in [15] by S. Bulut.
For b = 1,6 = 0,a = 1,A = 0, Theorem 2.1 readily improve coefficient
estimates for U(p, q) in [9] as follows.

Corollary 2.3 Suppose that f(z) € A of the form (1), be in the class

U(p,q). Then
] < min { o) POl 10 }

and

[ [p"(0) +1g"(0)] | (¢'(0))* [p"(0)]
|a3|§m1n{ 13 + 1 6 }

3 Coefficient Bounds for the Function Class
L(8,b,)) and BJ(8,b,\)

In order to prove our main results, we first recall the following lemmas.

Lemma 3.1 (see [12]) If p(z) € P,then |px| < 2 for each k, where P is
the family of all functions p(z) analytic in U for which R{p(z)} > 0,p(z) =
1+ piz+pz2+--- forzeU.

Theorem 3.2 Suppose that f(z) € A of the form (1), be in the class
LE(B,b,\). Then

| B1]]b] cos /3 2|b| cos B(|B1| + | B2 — Bil)
(a+1)A+1)"\ (@+2)A+a(BA+1)+1]’

| Bi]y/2| B1][b| cos 3 }

VIBbcos Bla+ 2)[A + a(3A+ 1) +1] — 2(By — By)e'B(a+ 1)2(\ + 1)2|

laz| < min {

(22)
and Bullblcos  |Bif2lb|?cos? B
2] < min { @12+ D) (et @ QZ} (33
where
0, — 1tlcos B{BA+ (o + |1 —al)(1+33) +3]|Bi| + 42X + 1| By = B}
b 2a+2)2A + DA+ a(B3A+ 1) + 1] ’
0y — | B1b|{ B}|b| cos B(a + 2)[BA + (a + |1 — a|)(BA + 1) + 3] + Q3}
2T 2+ 2@+ D)[B(a+2)A+aBr+1)+1] - Q4
Q3 = 4By — By|(a +1)*)(A + 1)
and

Qs = 2(By — By)(1 +itan B)(1 4+ a)?(1+ N2
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Proof. Let f € L¢(3,b, A), consider the analytic functions w,v: U — U,
with u(0) = v(0) = 0, such that

i 1 zf'(z) , f(2) a 2f"(2)\, a
eﬂ{1+b l(l—A) 8 ( . )*+ A1+ 70 )(f(2)" — 11}
= p(u(z)) cos 5+ isin (24)
and
i T w9 W) gw) . wg"(W)\ (10 e
e {1+b l(l A) o) ( - )+ A1+ (@) (g (w)) 1
= p(v(w)) cos f +isin g, (25)
where g := f7L.
Define the function m and n by
(@) = 10 1z s
and 1+ v(z) 9
n(Z): ]_—U(Z) =1+n12+n22 + -
it follows that
and )
It is clear that m and n are analytic in U and m(0) = n(0) = 1. Since

u,v : U — U, the function m and n have positive real part in U, by virtue
of Lemma 3.1, we have |m;| <2 and |n;| <2 (1 =1,2,---).
From (24),(25),(26) and (27), it follows that

s {1 vy [(1 ~ DI B0y 344 2y e 1] }

f(z) ° = f'(2)
= L(z) —1 cos 7 8in
= o oy eosd Hisin (28)

and
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ZEZ; :L i) cos 3 + isin 3. (29)

According to (3), it is evident that

plu(z)) =1+ MP1 P il Z By
and n131 n231 n%(BQ — Bl> 2
pv(w)) =1+ 5 W ( ) + 1 Jw* +
Since
oy L[ @) TG, G\ e 1
{4 Ja-nTE O aa s T e -1
:ei5+eiﬁ(a+i)<)‘+1)agz+ef{(a+2)(2)\+1)a3
(a—1)(a+2)BA+1) 5] 5
5 a2}z +
and

{1 g |- N LIy L gy -

A i i8
:ezﬁ_ e (Oé+l1))()\+1)a2w+€b[(a+2)(2)\+1)(2a3_a3)

-1 2)3A+1
NEESUECESIN
By equating the coefficients in (28) and (29), we get

(Bi'B(OZ + 1)()\ + 1) . m131

bcos 3 @ 2 (30)
W —1 2)(1+3X
bceosﬁ[(a £ 21+ 2)ay + & )(O‘; JLE5Y)
o mgBl m%(Bg — Bl)
== + 1 (31)
ePla+1)(A+1)  mB
B bcos 3 “@=o (32)
and ,
e’ (a—1)(a+2)BX+1) ,

[(a +2)(2A + 1)(a3 — a3) +

bcos 8 2 a2]
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_ ngBl i n%(Bg — Bl)

33
5 1 (33)
We find from (30) and (32) that
mp = —1Ny (34)
" o+ 1P+ 12, _ B
2e“"(a+ 1 +1)* , i 9 9
b2 cos? 3 ay; = Z(m1 + ny). (35)
Also, from (31) and (33), we obtain
eiﬁ (TTL2 -+ n2)Bl (BQ — Bl)(m2 + Tl2)
2 1 a3 = 1
bcosﬁ(a+ JA+a(1+3X) +1]a; 5 + 1 (36)
From (35) and (36), we have
2 _ (mg + ny) B3b? cos?® B
2= 20eP B cos (o + 2)[A+ a(3X+ 1) + 1] — 4(By — By)e?P(a+ 1)2(A +1)?
(37)

Since |m;| < 2 and |n;| <2 (i =1,2), it follows from (35), (36) and (37) that

| B1||b| cos
(a+1)(1+N)

las| <

’(L | < 2|b|COSB(|B1|+|B2—B1|)
2N (0 + 21+ A+ a1 +3))]°

and

las| < | Bi]y/2|B1][b| cos 8
2| S

VIBbcos o+ 2)[1 + A+ a(1+ 3X)] — 2(By — By)e(1+ a)2(1+ \)?|

which yields the desired estimate on |as| as asserted in (22).
Next, in order to find the bound on |as|, by subtracting (31) from (33), we

get
2¢t (my — ny) By

2)(2A + 1)(as — a3) =
o @t DA+ (- ) = T (39)
Substituting value of a3 from (35), (36) and (37) in (38), we get
~ (mg —ng)Bibcos . Bib*cos® f(m] 4 ni) (39)
= 4ebla+2)2A+1)  8e?B(a+1)2(A+1)%’
o beos BE(BA + a(3A + 1) + 8Jms + (3A + 1)(1 — a)ng) By + W3} (40)
3 =

4etB(a+ 2)(2A + DA+ a(1 + 3X) + 1]
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and
G — Blb COS B(Wlmz + W2n2) (41)
57 46 (o + 2)(2A + 1){B2bcos Ba + 2)[A + a(l + 3X) + 1] — Wy}’
where

Wi = (a4 2)[5A + a(1 + 3)) + 3] B?bcos f — 2(By — By)e(a + 1)2(A + 1),

Wy = (a+2)(3X 4+ 1)(1 — a)B?bcos B + 2(By — By)e(a + 1)2(N +1)2,
W3 =22\ + 1)(By — By)m3

and .
Wi =2(By — B)e" (a+1)*(A + 1)

Using (39), (40) and (41), we have

| B1||b| cos 3 | B1|?|b]? cos® B

S G )@ D) a0 2

(42)

_ [blcos B{[5A + (@ + |1 — a])(3A + 1) + 3| Bi| + 42X + 1)| B, — B[}

as] 2(a+ 2)2A + DA+ a(l + 30) + 1
] (43)
al
0] < | B1[b] cos B{B7|b|(x + 2)[5A 4 (o + [1 — o) (BA + 1) + 3] + W5}
o= 2+ 2)(2A + 1)|B2b(a + 2)[A + (1 4 3\) + 1] — Wy ( |
44
where
W5 = 4|BQ — Bll(Oé + 1)2(>\ + ].)2
and

Ws = 2(By — By)(1+itan 8)(1 + a)*(1 + N2
From (42), (43) and (44), we obtain the desired estimate on |as| given in
(23). This is the end of Theorem 3.2.

Let b =1,8 = 0,\ = 0, Theorem 3.2 improves Theorem 2.8 in [6] by E.
Deniz as follows.

Corollary 3.3 Suppose that f € A of the form (1), be in the class Bx(«, ¢).
Then

a <min{ , ,
la2] < a+1 (a+2)(a+1)

|Bily/2|Bi| |

VIBi(a +2)(a+1) — 2(By — By)(a +1)?|

|By| J2<|Blr+rBa—Bl>r>
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and

| B |B:]>  (a+|1—al+3)|Bi|+4]|B; — B
a+2 (1+a)? 2+ 2)(a+1) ’

las| < min{

|Bi|{(a+ 2)(a + |1 — a| + 3)B? + 4| By — By|(a + 1)2}}
2(a+2)|B¥(a+2)(a+1) —2(By — By)(a + 1)?]

Also, let b = 1,8 = 0,a = 0 in Theorem 3.2, we obtain the following
Corollary, which improves Theorem 2.3 in [11].

Corollary 3.4 Suppose that f(z) € A of the form (1), be in the class
Ms(\, ¢). Then

al m{ B JHBJHBQ—&D BB }
2 - b
1)

(A+ (A+1) CVIBXA+1) = (By — Bi)(1+ V)2
and )
@ |<min{ | B |Bi]*  |Bi| + B, — B
= 220 +1)  (A+1)2 A+ ’

|B1][2(2A 4+ 1) B2 4+ (A + 1)?| By — By }
222+ 1)(A+1)|B? — (Be — B))(A+ 1))

By setting ¢(z) = (7£2)" (0 <n < 1) in Theorem 3.2, we get the following
Corollary:

Corollary 3.5 Suppose that f(z) € A of the form (1), be in the class
B1(8,b,\). Then

4] < min 2blcosf n|b] cos B(2 —n)
2= (a+1DA+1) 7\ (@ +2)A+a(l+3)) + 1)

2n|b| cos B
\/\bn cos fla+2)[A+aBA+ 1)+ 1] +eB(1 —n)[(a+ 1)2(N + 1)]?| }
and
2n[b| cos 3 4n?|b]? cos? B
(a+2) 2 +1)  (a+1)2(A+1)%

|CL3‘ Smln{ N)\(Oéaﬁanvb»?Q)\(a’ﬂanvb)}7

where

nlblcos B BN+ (a4 |1 —a)(BA+1) + 3] +4(2A + 1)(1 —n)
Na(er B, b) = <05y A+ DA+ aBX+ 1) + 1] ’
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Ox(a, 8., b) = Melimlblcos Bla+ 2)[5A+ (o £ 1 = a])(BA+ 1) + 3] + Wr}
@ 5,1, (@ +2)2A+ 1)|n(e +2)A + a(BA+ 1) + 1] + Wy|

Wy =2(1—n)(a+1)*(A+1)?

and
Ws = (1—n)(1+itanB)(a + 1)*(\ +1)%

Especially, forb = 1,5 = 0, = 0, Corollary 3.5 readily yields the following
coefficient estimates for B{(0, 1, \),

Corollary 3.6 Suppose that f(z) € A of the form (1), be in the class
Bj(0,1,X). Then

4] < min 2n 2n(2 —n) 2n
- A+DN QA+D v+ Dl2n+ (1 - (A +1)]

and o @)
. Ui Ui e —1
<
las] < mm{(Q/\—i— Dt oT 0xn
n{4n(A+1) + (1 —n)(A + 1)%} }
CA+DA+D2n+ 1 —n)A+ 1))
By setting ¢(z) = %(O < 7 < 1)in Theorem 3.2, we get the following
Corollary:

Corollary 3.7 Suppose that f(z) € A of the form (1), be in the class
LE2771(B,b,\). Then

@ <min{2(1—v)\b|0086 J 4Jb] cos B(1 — )
2= (a+1DA+1) "\ (@+2A+aBr+1)+1]
2y/(1=7) }
Vi@ +2)[A+ a1 +3)) + 1)
and
_f2(1 =y)|blcos B 4(1 —7)?|bJ* cos® B
'“3|§mm{(a+2)<2x+1) (@ 1200+ 172 ’Ml’MQ}’
where
M — (1 —7)[b] cos BBA + (a+ |1 — ] )(BA+ 1) + 3]
e (a+2)2A+ D)X+ a1 +3)) + 1]
and
M, — (1 —~)[b| cos B{[PA + (a+ |1 —a|)(3A+ 1) + 3]}

(a+2)2A+ DA+ aBA+1) + 1|
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Especially, for b = 1,8 = 0,a = 1, A\ = 0, Corollary 3.7 readily improves
the result in [9].

Corollary 3.8 Suppose that f(z) € A of the form (1), be in the class
Li727Y0,1,0). Then

laz| < min {(1 —), 2<13_7)}

and
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