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Abstract
The focus of this article is on studying the descriptive proximity of manifolds in images useful in digital image pattern recognition. Extraction of lowdimensional manifolds underlying high-dimensional image data spaces leads to
efficient digital image analysis controlled by fewer parameters. The end result
of this approach is dimensionality reduction, important for automatic learning
in pattern recognition.
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1

Introduction

This article introduces an application of descriptive isometry [11] to achieve
dimensionality reduction via proximal manifolds [12], which simplifies the analysis of images via low-dimensional spaces that preserve the relevant structure
in high-dimensional spaces. According to [17], a manifold is supposed to be
”locally” like the metric space Rn , so the simplest example of a manifold is just
Rn itself. L. Nicolaescu [8] introduces a manifold as a Hausdorff space. Every manifold has a specific and well-defined dimension, the number of linearly
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independent vectors in the basis needed to specify a point [5].
A digital image is a typical example of a subset of a high-dimensional
vector space. This high dimensionality becomes an issue in efficient processing
and analysis of images. Manifold learning is used to address the problem of
dimensionality reduction by mapping the high dimensional data into a lowdimensional space, while preserving the intrinsic structure of the data.
Two well-known manifold learning algorithms are Isometric Feature Mapping (ISOMAP) [18] and locally Linear Embedding (LLE) [15, 14]. LLE attempts to compute a low-dimensional embedding so that nearby points in the
high-dimensional space remain nearby and similarly co-located with respect
to one another in the low-dimensional space [15]. This approach to achieving dimensionality reduction can be extended to preserving the nearness of
the description of points in the high-dimensional space mapped into a lowdimensional manifold.
To achieve this, we extend the conventional isometry defined for the mapping between high-dimensional data to low-dimensional manifold with the descriptive form of isometry introduced in [11] and elaborated in [13].
In pattern recognition, dimensionality reduction serves as an automatic
learning approach to feature extraction, by combining all important cues (e.g.,
shape, pose, and lighting for image data) into a unified framework [6]. Thus, by
learning the underlying low-dimensional manifold for a given image structure,
the optimal feature vector for pattern recognition can be determined.

2

Preliminaries

Let X be a metric topological space endowed with one or more proximity
relations, 2X the collection of all subsets of X, A, B ∈ 2X , cl(A) the Kuratowski
closure of A, and δ the Efremovic̆ proximity [2, 1] defined by

δ = (A, B) ∈ 2X × 2X : cl(A) ∩ cl(B) 6= ∅ .
The mapping Φ : X −→ Rn is defined by Φ(x) = (φ1 (x), . . . , φn (x)), where Rn
is an n-dimensional real Euclidean vector space. Let Φ = {φ1 , . . . , φn } be a set
n
of probe functions that represent features of each x ∈ X. Let Q : 2X −→ 2R
be defined by Q(A) = {Φ(a) : a ∈ A} for A ∈ 2X . The descriptive intersection
∩ of A and B is defined by
Φ

A ∩ B = {x ∈ A ∪ B : Q(A) δ Q(B)} .
Φ

The descriptive proximity relation δΦ is defined by
n
o
δΦ = (A, B) ∈ 2X × 2X : cl(A) ∩ cl(B) 6= ∅ .
Φ
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The expression A δΦ B reads A is descriptively near B. The pair (X, δΦ )
is called a descriptive proximity space. For more details about such spaces,
see [10].
A descriptive isometry is defined in the context of descriptive proximity
spaces [9]. Before going into details about descriptively near manifolds, consider first the definition of a manifold [17].
Definition 1. Manifold
A manifold is a metric space M with the following property: If x ∈ M , then
there is some neighbourhood U of x and some integer n ≥ 0 such that U is
homeomorphic to Rn .
Continuous maps and homeomorphisms provide the backbone for metric
spaces called manifolds. The definitions of continuous map and homeomorphism [19] are given below:
Definition 2. Continuous map
If X and Y are topological spaces, a map f : X → Y is said to be continuous
if for every open set U ⊂ Y, f −1 (U ) is open in X.
Definition 3. Homeomorphism
If X and Y are topological spaces, a homeomorphism from X onto Y is defined
to be a continuous bijective map f : X → Y with continuous inverse.
The following lemma [5] extends the definition of manifolds given in [17].
Lemma 1. A topological space M is locally Euclidean space of dimension n,
if and only if, either of the following properties holds:
1o Every point of M has a neighbourhood homeomorphic to an open ball in
Rn .
2o Every point of M has a neighbourhood homeomorphic to Rn .
Proof. Given in [5]
According to [5], every manifold has a specific and a well-defined dimension.
A k-dimensional manifold can be defined as follows:
Definition 4. A k-dimensional manifold in Rn is a subset Sk ⊂ Rn such that
each point has a neighbourhood in Sk that is homeomorphic to Rk .

3
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Let X = [x1 , x2 , ..., xN ]T be a set of points sampled from the high dimensional
data space. The description of each point xi is given by a D dimensional
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Figure 1: Mapping from high dimensional data to low dimensional Manifold
feature vector Φ(xi ) = (φ1 (x), φ2 (x), ..., φD (x)). Let M be the d-dimensional
manifold extracted from the D-dimensional dataset X such that d ≤ D.
In the conventional manifold learning techniques like LLE, the mapping f
from X to M is a local isometry defined by definition 5 [4].
Definition 5. Local Isometry
The mapping f is locally isometric: For any ε > 0 and x in the domain of f , let
Nε (x) = {y : ky − xk2 < ε} denote an ε-neighbourhood of x using Euclidean
distance. We have
kf (x) − f (x0 )k2 = kx − x0 k2 + o(kx − x0 k)
for any x0 in the domain of f and x ∈ Nε (x0 ).
The above definition indicates that in a local sense, f preserves the Euclidean distance. Thus, the nearby points in the high dimensional space remain
nearby and similarly co-located with respect to one another in the low dimensional manifold.
In addition to the conventional mapping from X to M , which is a spatial
isometry, we focus on a descriptive form of isometry introduced in [11] and
elaborated in [13]. The definition of descriptive isometry is given below.
Definition 6. Descriptive Isometry
Let (X, δΦ , dX ), (Y, δΦ , dY ) be metric descriptive proximity spaces and A ⊆
X, B ⊆ Y . A mapping f : A −→ B is a descriptive isometry, provided
dY (Φ (f (xi )) , Φ (f (xj ))) = dX (Φ (xi ) , Φ (xj )), xi , xj ∈ A.
Lemma 2. Let X, M be metric descriptive proximity spaces and f : X → M
is a descriptive isometry on X to M . Descriptively near sets in X remain
descriptively near in M .
Proof. Let A, B ⊂ X be descriptively near sets. Consequently, Φ(a) = Φ(b) for
at least one pair of points a ∈ A, b ∈ B. From definition 6, Φ(f (a)) = Φ(f (b)).
Hence, f (A), f (B) ⊂ M are descriptively near sets in manifold M .
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Lemma 3. Let X, M be metric descriptive proximity spaces and f : X → M
is a descriptive isometry on X to M . Descriptively remote sets in X remain
descriptively remote in M .
Proof. Let A, B ⊂ X be descriptively remote sets. Consequently, Φ(a) 6= Φ(b)
for all points a ∈ A, b ∈ B. From definition 6, Φ(f (a)) 6= Φ(f (b)). Hence,
f (A), f (B) ⊂ M are descriptively remote sets in manifold M .
From lemma 2, we can obtain the following results.
Theorem 1. Descriptively near objects in an image have descriptively near
manifolds.
Proof. Let X and Y be descriptively near objects in an image endowed with
a proximity relation δΦ . Then Φ(x) = Φ(y) for at least one pair of points
x ∈ X, y ∈ Y . Assume X maps to a manifold Mx and Y maps to a manifold
My . Then, from lemma 2, Φ(x) = Φ(y) ⇒ Φ(mx ) = Φ(my ), where x maps to
mx and y maps to my . Hence, Mx is descriptively near My .
Theorem 2. Descriptively near digital images have descriptively near manifolds.
Proof. Let A and B be descriptively near images endowed with a proximity
relation δΦ . Consequently, XδΦ Y for at least one pair of objects X ∈ A, Y ∈ B.
Assume X maps to a manifold Mx and Y maps to a manifold My . Hence, Mx
is descriptively near My .

Figure 2: Descriptively Near Manifolds
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Example 1. In figure 2, X and Y are two data sets obtained through uniform
sampling of edge maps of two objects (a strawberry and a cherry) in an image.
Each sample in X and Y is described by a feature vector Φ = {R, G, B},
where R, G, B refers to red, green and blue colour channel values of the point
respectively. Assuming X and Y are mapped to two dimensional manifolds
Mx and My respectively. Given that point xi maps to point mx ∈ Mx and
point yi maps to point my ∈ My . For any pair of points xi ∈ X and yi ∈ Y , if
the description of xi is similar to description of yi , then mx and my also have
similar descriptions.
In this example, it is essential that the same feature vector is selected to
describe points in X and Y . However, the feature vector of xi is not necessarily
be the same as the feature vector of mx .
Figure 3 illustrates the results of LLE algorithm for the two images. The
8 nearest neighbours were considered in obtaining the 2-dimensional manifold
using LLE.
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Figure 3: Descriptively near objects. Data and manifolds representing Strawberry and Cherry images are given in green and red respectively.
From lemma 3, we can obtain the following results.
Theorem 3. Descriptively remote objects in an image have descriptively remote manifolds.
Proof. Let X and Y be descriptively remote objects in an image endowed with
a proximity relation δ Φ . Then Q(clX) ∩ Q(clY ) = ∅. Assume X maps to a
manifold Mx and Y maps to a manifold My . Then, from lemma 3, Q(clMx ) ∩
Q(clMy ) = ∅. Hence, Mx is descriptively remote My .
Theorem 4. Descriptively remote digital images have descriptively remote
manifolds.
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Proof. Let A and B be descriptively remote images endowed with a proximity
relation δ Φ . Consequently, Xδ Φ Y for all objects X ∈ A, Y ∈ B. Assume
X maps to a manifold Mx and Y maps to a manifold My . Hence, Mx is
descriptively remote My .
Example 2. We take the same objects X and Y introduced in example 1. In
this example, we change the feature set used to describe points in X and Y
to Φ = {R, G, B, Gdir}, where R, G and B refer to red, green and blue colour
channel values and Gdir refers to gradient orientation of the point respectively.
Thus, this example represents 4-dimensional data space. By incorporating
gradient orientation along the edges, in this example we take the shapes of
objects X and Y in to consideration. Thus, the objects X and Y are no
longer descriptively near each other. The high dimensional data space and 2dimensional manifolds extracted through LLE algorithm is illustrated in figure
4. The 8 nearest neighbours were considered in obtaining the 2-dimensional
manifold using LLE. By observing figure 4, it is evident that the resulting
manifolds are no longer descriptively near each other.
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Figure 4: Descriptively remote objects. Data and manifolds representing
Strawberry and Cherry images are given in green and red respectively.
Example 3. In this example we consider three objects, Strawberry, Cherry
and Pear. We select the feature vector Φ = {R, G, B}, where R, G and B
refer to red, green and blue colour channel values. When considering R, G,
B only, Strawberry and Cherry can be taken as descriptively near each other,
while Pear can be considered descriptively remote to both Strawberry and
Cherry. The 3-dimensional data space and 2-dimensional manifolds extracted
through LLE algorithm is illustrated in figure 5. The 8 nearest neighbours were
considered in obtaining the 2-dimensional manifold using LLE. By observing
figure 4, it is evident that the resulting manifolds of Strawberry and Cherry are
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descriptively near each other, while manifold of Pear is descriptively remote
to both of them.
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Figure 5: Descriptively near and descriptively remote objects. Data and manifolds representing Strawberry, Cherry and Pear images are given in green, red
and blue, respectively.

4

Comparing Manifolds

As given in [7], when comparing manifolds mapped with the conventional
spatial isometry, manifold distances are derived by matching spanning sets. For
examples, see the tangent distance [16] and the joint manifold distance [3]. The
assumption made here is that comparable manifolds have equal dimensions.
The concept of descriptively near manifolds can be used to solve classification problems. In such applications, it is important to define a metric for
the comparison of two manifolds. We use a descriptive form of distance as the
metric for manifold comparison.
Based on the definition of descriptive distance given in [11], the descriptive
distance DΦ between manifolds M1 and M2 can be defined as:
Definition 7. Descriptive Distance
DΦ (M1 , M2 ) = inf {d(Φ(m1 ), Φ(m2 )) : m1 ∈ M1 , m2 ∈ M2 }.
Theorem 5. Let A and B be a pair of images and let A be mapped to a ddimensional manifold M1 and let B be mapped to a d-dimensional manifold
M2 . M1 is descriptively near M2 if the descriptive distance DΦ (M1 , M2 ) < ε,
where ε is a threshold.
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Proof. If M1 is descriptively near M2 , then Φ(m1 ) = Φ(m2 ) for at least on
pair of points m1 ∈ M1 and m2 ∈ M2 . Thus, it satisfies the condition
DΦ (M1 , M2 ) < ε.

5

Conclusion

The descriptively near manifolds introduced in this paper can be used in solving
image pattern recognition and image classification problems. The descriptive
nearness of low-dimensional manifolds arising from high-dimensional image
data reduces the complexity of such problems and becomes an efficient and
effective tool in image analysis.
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