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Abstract

In this paper, the numerical-analytic method hasrbased by (Samoilenko A.
M.) to investigate the existence and approximatidnperiodic solutions for
certain of nonlinear system of volterra integraluatjons. Also these methods
could be developed and extended throughout theystlidus, the nonlinear
integral equation that we have introduced in thisdy become more general than
those introduced by Butris R. N.
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I I ntroduction

Integral equations are one of the most useful mathematical tools in both pure and
applied analysis. This is particularly true of problems in mechanica vibrations
and the related fields of engineering and mathematical physics, where they are not
only useful but often indispensable even for numerical computations.
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To avoid some of the difficulties indicated in the previous section, Vito Volterra
investigated the solution of integral equations in which the kernel satisfies the
condition.

K(tx)=0 ,if x>t

This corresponds to the simple case of a system of algebraic linear equations
where the elements of the determinant above the main diagonal are all zero. The
integral equations
t
60 =2 [ K(6.06 ()dx = 1)

0
and
t

]K@w¢@wx=ﬂw

0

are caled integral equations of the second and first kind, respectively. Integral
equations made great affection in developing integral differential equations that
have a great role in mathematical analysis and functional analysis|2, 3].

Samoilenko [4], assumes the numerical analytic method to study the periodic
solutions for ordinary differential equations and their algorithm structure. This
method includes uniformly sequences of periodic functions and the result is the
use of the periodic solutions on awide range which is different from the processes
in industry and technology.

Consider the following system of nonlinear volterra integral equation which has
the form:

u(t, ug)
t s b(s)
=f(t) +fG(t,s)f(s,u(s,u0), fg(s,r,u(r,uo))d‘r, f h(s, T, u(t,u))dr) ds --- (1)

a(s)

Suppose that the functions
ft,u,v,w) = (fi(t, u,v,w), Lt u,v,w), -, fu(t,u,v,w)),

g(t' S'u) = (gl(t' S'U);gz(t' S, u),---,gn(t, S,U)),h(t, S, u)
= (hl(tr S, u)! h‘Z(tl S, u)r “'rhn(tr S, u))

and f(t) = (fi(t), f2(t), -+, fn(t)) aredefined on the domain
(t,u,v,w) ER' XD X D; X D, = (—0o0,00) X D X D; X D, < (2)

Which are continuous functionsin t, u, v, w and periodic in t of period T.
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i.e{f(t+T,uv,w)=f(t,uv,w)}, dso a(t) and b(t) are continuous and
periodicin t of period T, where D; and D, are closed and bounded domains subsets
of Euclidean space R™.

Suppose that the functions f(t,u,v,w),g(t,s,u) andh(t,s,u) satisfies the
following inequalities:

Ift,wv,w)|| <M,

llg(t,s, Il <N; - 3)
[h(t, s, )| < N, .

IIf (t,uq, v1,we) — f (& ug, vy, wll

< Lylluy —upll + Lallvy — vl + Lallwy — wyll ; . (4)
lg(t s, u) — gt s,u)ll < Kt )lug — uzll; -+ (5)
|h(t, s,uq) — h(t, s, u) |l < |H(E ) lug — uzll - -+ (6)

Vte€R,uu,u, €D,v,v,,v, €D,

Andw,w;,w, € D, where M, N,,N,,L,,L, and L;are positive constants.
Furthermore G(t,s),K(t,s) and H(t,s) are (n X n) positive matrices which are
defined and continuous and periodic in t, s in the domain (R! x R') and satisfy
the following conditions:

16, )l < R < o0 ()
t

[Ix@slas <@, <o - (8)

b

[ ncesyias < 0, <o - (9)

a(t)

Where—0o < 0 <s<t<T <o and R,Q;and(Q, are positive constants,
Il = maXtE[O,T]l- |,

Beside (1), we aso consider the system of the following integral equations:

u(t, ug)
=f(®)
t s b(s)
+f[G(t,s)f(s,u(s,u0), fg(s,r,u(r,uo))d’r, f h(s, T, u(t, ugy))dr)
-0 a(s)
—Z] ds .. (10)
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Where A= (A, A,, -+, A,) isavector parameter.
By using the following initial conditions:

u(0) =u(M) , }
f(0) =£(T) .

u(0) = £(0)

U(T, uO)
= f(T)
T

- (11)

s b(s)
+f[G(t,s)f(s,u(s,u0), jg(s,r,u(r,uo))dr, j h(s,t,u(t,uy))dr) — Al ds

0 a(s)
- (12)
From (11), we get:

A(t,ug)
T s b(s)
1
—TfG(t,s)f(s,u(s,uo), fg(s,r,u(r,uo))dr, f h(s,7,u(t,up))dr)ds ---(13)

0 a(s)

A(t,ugy) = nlll_r)rgo A, (t,ug)

b(s)

T s
1
= limff G(t,s)f (s, um(s, ug), f g(s, T, up (1, up))dr, f h(s, T, up (1, up))dr) ds
m-—oo
0 —co a(s)

We define a non-empty sets:

T )
Dy =D-5MR
T
Dyy :D1—EMRQ1; g -+ (14)
_ T
DZf_DZ_EMRQZ . J

Moreover, we suppose that the greatest value of the following equation
A= gR[L1 + L,Q; + L3Q,], does not exceed unity, i. e.

A<1 -+ (15)
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By using Lemma 3.1[5], we can state and proof the following:

Lemma 1: Let f(t,u,v,w) be a vector function which is defined in the ia&br
0<t<Tthen:

IL(t, up)ll < a(t)MR -+ (16)

Where a(t) = 2t(1 — %) and

t b(s)
L(t,uy) = j[G(t S)f (s, u(s, uy), jg(s T, u(T, up))dr, j h(s,t,u(t,uy))dr)
0 a(s)
T - s b(s)
1
—TfG(t,s)f(s,u(s,uo), fg(s,r,u(r,uo))dr, f h(s,t,u(t,uy))dr)ds]ds
0 —0o0 a(s)
Proof:
t b(s)
|L(t, up)|l < f [G(t,s)f (s, u(s, up), f (s, 7, u(t,up))dr, f h(s, 7, u(t,uy))dr) —
0 a(s)
T s b(s)
1
—TfG(t,s)f(s,u(s,uo), fg(s,r,u(r,uo))dr, f h(s,t,u(t,uy))dr)]ds
0 —00 a(s)

b(s)
<@ ——) fllG(t (s, uls, up), f (s, 7, ult, up))dr, f h(s, T, u(t,uy))dr)|| ds +
a(s)
T s b(s)
t
w7 [16EMF G us w0, [ g6 mutundr, [ henuu)do||ds
t —o0 a(s)

t T
t t
< —— —
< T)fRMds+TjRMds

t
< a(t)RM

fordl ¢t € [0,T] and u, € Dy.
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I Approximation of Solution

The study of the approximation of periodic solution for integral equation (1) will
be introduced by the following theorem:

Theorem 1: Let f(t,u,v,w), g(t,s,u) and h(t,s,u), f(t) be vector functions
which are defined and continuous on the domaingqajisfy the inequalities and
condition (3) to (9), then there exist the sequesfdenctions:

um+1(t'u0)
t s b(s)
= F @+ [[6@ GrinGu0), [ 96T un@udn [ hs 6unue)d)
_ s b
1
——fG(t,s)f(s,um(s,uo), fg(s,r,um(r,uo))dr, f h(s, T, Uy, (1, ug))dr)ds]ds -+ (18)
TO —0oo a(s)
With

uO(t’ uO) = f(t) ) m = 011121 .--I
Periodicint of period T, and convergent uniformly asm — oo in the domain:
(t,uo) € [0,T] x Dy -+ (19)

To the limit function u°(t, u,) defined in the domain (19) which is periodicin t of
period T and satisfying the system of integral equations:

b(s)

u(t, ug) =f(t)+f[G(t,s)f(s,u(s,u0), fg(s,r,u(’[,uo))dr, f h(s, T,u(t, uy))dr)
0 —o00 a(s)

T s b(s)
—lf G(t,s)f(s,u(s, up), fg(s, T,u(7,up))dr, f h(s,t,u(t,up))dr)ds]ds ---(20)
TO —0o0 a(s)
With
lu®(t, up) — up(t.-up)ll < a(t)MR -+ (21)
1ul(t, up) — Uy (tup)ll < A™(1 — A~ ta(t)MR -+ (22)

fordlm>0,t € [0,T], where E istheidentity matrix and a(t) = 2t(1 —%).
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Proof: Consider the sequence of functionsu, (t,ug), u,(t, ug), =, um(t, uy),
.-+, defined by the recurrences relation (18), each of these functions of the
sequence (18) are defined and continuous in the domain (2) and periodic in t of
period T.

Now, by using (18) and Lemma 1, when m=0, we get:

t N

f(® +f[G(t,s)f(s,u0(s,u0), Jg(s,‘r,uo(r,uo))d‘r,

0

lluq (8, x0) — up(t, up)ll = ‘

b(s) T S
1
, f h(s, t,uy(t,up))dr) — ?f G(t,s)f(s,ug(s, up), f g(s, T, up(t, up))dr,
a(s) 0 _o
b(s)
, f h(s,t,uy(t,up))dr)ds]ds — f(t)
a(s)

b(s)

< =) [16EMF G uoGsu), [ g uomue)dn [ s w o u)dn)
0 —o0 a(s)

ds

T s b(s)
t
+ (16N G uos w0 [ 96 muomudr, [ hesimuouo)dn||ds
t —co a(s)
< a(t)MR
And hence
T
lluy (8, x0) — uo(t, up)ll < EMR -+ (23)
Also from (21), we have:
t t
o2 Cxo) = vt udll = || [ 95, (s.u0))ds = [ gCe,s,uo(eu)) ds

t
< f gt 5,11 (5, 10)) — (&, 5,0 (5, o))l ds
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t
< fIIK(t,S)IIIIul(S,uo) — uo(s,uo)ll ds

< Qqllug (8, up) — uo(t, up)l
<ZQ.MR.

Therefore
T
lv (t, x0) — v (t, up)ll < EQ1MR - (24)

foral t € [0,T],up € Dr and vy (t,up) = f_toog(t, S, up(t, up)) ds € Dy
i.e.vy(t,up) € D;, whenu, € Dy.

Again from (21), we get:

b(t) b(t)
lwy (£, up) — wo(t, up)ll = j h(t, S, u1(5;u0)) ds — f h(t, s, uy)ds
alt) a(t)
b(0)
< f H ) 1 (5, 10) — o llds
a(t)
< TMR
<Q; >
And hence
T
llw (t, up) — wo(t, up)ll < EQzMR -+ (25)

foral t € [0,T], up € Dr and wy(t,ug) = fb(t)

a(t) h(t,s,up) ds € Dy

i.e.wy(t,ug) € Dy, whenu, € Dy.
Thus by mathematical induction, we have:
T
[t (£, up) — uoll < MRa(t) < EMR -+ (26)

i.e. upn(t,up) € Dforalt €[0,T],uy € Dy.
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Now from (26), gives:

T
| (E, uo) — vo(t, up)ll < EQlMR = (27)
And

T
Wy, (t, u9) — wo(t, up) |l < EQZMR -+ (28)

foral ¢t € [0,T],ug € D, vo(t,ug) € Dy, and wy(t, up), i.€ vy (t, up) € Dy
and wy, (t,u,) € D, foral t € [0,T] and u, € D.

Where
t

v (t,uy) = fg(t,s,um(s,uo))ds,

and
b(t)

Wi (t,ugy) = f h(t, s, uy,(s,ug))ds
a(t)

fordlm=0,12,---

We claim that the sequence of functions u,, (t, uy) is uniformly convergent on the
domain(19).

For m = 1in (18) and using Lemma 1, we find that:

£ (5111 (5, o), f 905,711 (7, 1u0)),

t
Iz 6 0) = s 6 o)l < (= ) [ 16,91 ‘
0

b(s) s b(s)
, f h(s,t,u,(t,up)) dt) — f(s,up, jg(s,r,uo)dr, j h(s,t,uy)dt||ds
a(s) -0 a(s)

b(s)

T s
+7 [16EN||fEwuG w0, |96 nu@u), [ hmuu) d)
t -0 a(s)
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s b(s)
—f (s, ug, fg(s,r,uo)dr, f h(s,1,up)dz|| ds
—00 a(s)

t

t

1-2) f R[Lqlluy(s,ug) — ugll +L2(Q1llus (s, ug) — ugll) + L3 (Q2lluy (s, up) — uolDds +
0

INA

T

+

S|

T
f R[Lqlluq (s,up) — ugll + L2 (Qqllug (s,up) — uplD+L3(Q2llus (s, ug) — uplDds
‘ t T
t t
< RILy + 1,0y + L3 Q,1(1 =) [ ds 7 [ dslllnGs,u0) =
0 t

< R[L; + LyQ1 + L3Qz] a(®t)|luy (¢, up) — uoll

IA

R[Ly + L,Q1 + L3Qx]lIuq (£, ug) — upll

IA
SN o I ST B

R[L; + LyQ; + L3Q;]a(t)MR

< a(t)MR;R[Ll + L,Q; + L3Q,]

And hence

|lu; (8, ug) — uq (8, up)ll < Aa(t)MR

Suppose that the following inequality

g1 (t o) — e (8 o) || < A¥a(O)MR -+ (29)
isholdsfor somem = k, then we shall to prove that:

les2 (8, 0) = Wiar (£ uo) | < AT (MR (30

from (18) and using lemmal, when m = k + 1 and the inequality (29) we get:
t
t
llurer2(t uo) — Upsr (G u |l = (1 — T) j R[L1|lug41(s,up) — ug (s, up)ll
0

+L, (Q1lluge41 (s, up) — up (s, up) ) + L3(Q2llug41(s, ug) — ur (s, up)l]ds
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T

t
+Tf R[Lllluk+1(51 uo) — ur (s, up)ll + L2(Q1”uk+1(51 uo) — u(s, uo)”)
t

+L3(Q2lluge+1 (s, ug) — ug (s, up)lD]ds

t g t ‘
< R[L; + L,Q; + L3Q,][(1 — =) J A¥a(s)MRds + — f AXa(s)MRds]
T 0 T t

< —R[L; + L,Q; + L3Q,]A*a(t)MR

< AX*1a(t)MR
So that
s (6 Uo) — Ups1 (8, u)ll < A a(t)MR
By mathematical induction and by (18) and (21) the following inequality is holds:
41t uo) — um (& up)ll < A™ a(t) MR -+ (31)
Where A = ZR[Ly + L, Q1 + L3Q;], fordl m = 0,1,2, -
From (31) we conclude that for k > 0,
We have the following inequality:
lumi (o) — U (8, uo) | < It re (8, o) — Umai—1 (2, uo)l

Fllumr-1(t o) = Ximr—2(Eupd I + -+ + ltm41 (€, o) — (¢, uo)l
< ARy (8, ug) — uoll + A2 lug (8, ug) — ol + -+ + A™|[ug (8, ug) — uoll
<A1+ A+ A%+ o+ A2 4 ARD) | ug (8 ug) — ull
Therefore
st (8 o) — U (& up)ll < A™(1 = A a()MR -+ (32)
Where E isidentity matrix, t € [0,T] and u, € D.
By using the condition (15) and the inequality (32), we find that

lim,, e A™ = 0 ++(33)
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The relation (32) and (33) prove the uniform convergence of the sequence of
function (18) in the domain (19) as m — co.

Let
lim wu,, (t,uy) = u°(t, up) -+ (34)
m-—oo

Since the sequence of functions u,, (t, u,) is periodic in t of period T, Then the
limiting function u° (¢, x,) isaso periodicint of period T.

Moreover, by the hypotheses and conditions of the theorem, the inequalities (21)
and (22) are satisfiedforall m>0. m

Theorem 2. With the hypotheses and all conditions of the tbeol, the periodic
solution of integral equation (1) is a unique oe tlomain (2).

Pr oof:

Let u*(t,uy) beanother periodic solution of integral equation (1), i. e.

b(s)

u*(t,uy) = f(t) + f[G(t S)f (s, u*(s, up), fg(s T,u"(7,up))dr, f h(s,T,u"(t,ug))dr)
a(s)

T b(s)

——j G(t,s)f (s, u*(s, ug), fg(s T,u* (T, up))dr, f h(s,t,u*(t,uy))drt)ds]ds
0 a(s)

and then we have

et ) = (6 o)l < (1 - 2) f 16, I ||f (5, (s, u0), f 9(s,7,u(5,u0)),
b(s) b(s)

, f h(s,T,u(t,up)) dr) — f(s,u"(s, up), fg(s T,u" (T, Up))dt, f h(s,t,u*(t,uy))dr
a(s) a(s)

ds

b(s)

f(s,u(s,up), f (s,t,u(r,ugp)), f h(s,t,u(t,uy)) dr)
a(s)

fua(t 9l

b(s)

—f(s,u*(s, up), jg(s T,u” (1, up))dr, j h(s,t,u*(t,up))dz|| ds
a(s)
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IA

(1-

~| e+

)fR[Llllu(S, up) — u* (s, up)ll + L2 (Q1lluls, ug) — u*(s, up) D

~|

T
+L3(Q2lluls, up) — u*(s,up)Dds + fR[L1||u(5; Up) — u* (S, up) |

+L, (Qqlluls, ug) — u*(s, up)l) + L3 (Qzlluls, up) — u*(s, up)|Dds
T

t T
t t
< RlLy + L0+ LA — ) [ ds + 1 [ dslllutsu) = w s upl
0 t

< R[L; + L,Q;1 + L3Q;] a(t)|lult, ug) — u*(t, up)ll

<

S e

R[L; + LyQq + L3Q2]lu(t, ug) — u™(t, up)ll,

So that

lu(t, uo) —u™(t ug)ll < Allut, ug) — u (¢, up)ll-
By iteration we find that

llu(t, ug) — u*(t, ug)|l < A™||ult, ug) — w*(t, up)ll

But from the condition (15), we get A™ - 0 whenm — oo, hence we obtain that
u(t,uy) = u*(t, up). In other words u(t, u,) is a unique periodic solution of (1).
|

[11 Existence of Solution

The problem of existence of periodic solution of period T of the system (1) is
uniquely connected with existence of zero of the function A(0,u,) = A which has
the form:

T t b(t)
A(t, ug) =%fG(t,s)f(t,u°(t,u0), fg(t,s,uo(s,uo))ds, f h(t,s,u’(s,uy))dr) dt -+ (35)

0 a(t)

Where u°(t,u,) isthe limiting function of the sequence of functions u,,, (t, u,).

T b(t)

A (t,ug) =%f6(t,s)f(t,um(t,uo), fg(t,s,um(s,uo))ds, f h(t,s, uy (s, ug))dr) dt
0 —o00 a(t)

- (36)
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foralm=0,1,2,---

Theorem 3: Let all assumptions and conditions of theorem 1 2rade satisfied,
then the following inequality is satisfied:

IAC0, up) — A (0, u)ll < A™(E — A)~'MR -+ (37)
foralm=>=0,u, € Dy.

Proof: By theiteration (35) and (36) we get:

T t
1
1800,40) = A0, w1l < 7 [16CE DMFE 1 G0), [ 9Cers,u s u0))ds,
0 —o00

b(t) t

, f h(t,s, u’(s, up))dr) dt — f(t, un, (t, uy), J-g(t,s,um(s,uo))ds,
a(t) —00

b(t)

,f h(t, s, un,(s,up))dr)|| dt
a(t)

From the inequalities (4) to (9), we get:

T
1
1A(0, up) — A (0, up)ll < R[Ly + LQq + Lng]fflluO(t, Uo) — um(t, up)|l dt
0

T
S R[Ll + Lle + L3Qz]EAm(E - A)_lMR

But A = R[L, + L,Q, + L3Q,], thus the above inequality can be written as:

A0, ug) — A (0, up) || < A™1(E — A)"IMR, i. e. the inequality (37) satisfied
fordlm=>=0. m

Theorem 4[4]: Let the system (1) be defined on the interval [aShippose that
form > 0, the functiom,, (0, u,) defined according to formula (36) satisfies the
inequalities:

min A,(0,uy) < -9,
a+P<uy,<b-"P
max A,(0,uy) =9, ,
a+P<uy<b-"P

.- (38)
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Then the system (1) has periodic solution u = u(t,u,) for which u, €
[a + P,b — P], where P = ||MR||§and 9, = |A™*1(1 — A)~MR||

Proof: Let u,,u, beany two pointsin theinterval [a + P, b — P] such that:

A, (0,uy) = min A, (0,uy) ,
a+P<uy<b-—P

B (0,1) = max A (0,15), (39
a+ P < Ug < b—P
Taking in to account inequalities (37) and (38), we have:
A(Or ul) = Am(ol ul) + [A(O, ul) - Am(ol ul)] S 0 l} (40)
A(0,uy) = A, (0,uy) + [A(O,uy) — A, (0,u)] =0

It follows from the inequalities (40) and the continuity of the function A(0, u,),
that there exists an isolated singular point u® ,u° € [uy,u,], such that A(0,u°) =
0. This means that the system (1) has a periodic solution u = u(t,u,) for
whichu, € [a+ P,b—P]. m

Remark 1: Theorem 4 is proved when u, is a scalar singular point which should
be isolated (For this remark, see[5]).

V  Stability of Solution

In this section, we study the stability of a periodic solution for the integra
equation (1).

Theorem 5: If the functionA(0,u,) is defined by: D - R™ , and by the

equation (35), where®(t,u,) is a limit of the sequence functifm,, (¢, ug)} 0.
Then the following inequalities hold:

1AC0, up)|l < MR -+ (41)
and

2
140, ug) — A0, ud)|| < 7/1(1 RV R OGESH O] -+ (42)

for all u®,ug, u§ € Dy and E isidentity matrix.

Proof: From the properties of the function u°(t,u,) asin theorem 1, the function
A(t, u,) is continuous and bounded by M in the domain R* x Dy.

By using (35), we have:
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T

1800, = 80 = [l [ 6.9 w0 wad, [ (st ud)s

0

b(t) T

) j h(t, s, u(s,ud))dr) dt ——j G(t,s)f (t,ul(t,ud), jg(t s,u(s,ud))ds,

a(t) 0
b(t)
,f h(t,s,u’(s,u3))ds) dt
a(t)
b(t)

= f 16 )N & u® (e, ), f 9650, ubds, [ (e, u(s,ub))ds)
a(t)

b(t)

t
—ftu°(t,ug), f g(t,s,u’(s,uf))ds, f h(t,s,u’(s,ug))ds)|| dt
oo a(t)

From the inequalities (4) to (9), we get:

1 2 1 0 1 0 2
1400, ug) — A, up)ll < RILy + L2Q1 + L3Q2l 7 [ Iu(t,up) —w’ (¢, ug) |l de
and hence

2
1400, ug) — A0, up)ll < TAIIuO(t, up) —u(t,ud)ll -+ (43)

Whereu®(t,ud) , u®(t,u}) arethe solution of theintegral equation:

t b(s)

u(t,ub) = fre) + f[G(t S)f (s, u(s, ub), fg(s 7,u(t, uf))dr, f h(s, 7, u(t,u))dr)

0 a(s)
T b(s)
—%j G(t,s)f (s, u(s,ub), fg(s 7, u(t, uk))dr, j h(s,7,u(t,uf))dr)ds]ds
0 - a(s)

- (44)
With

ul(t,ug) = f*(t) = uk, where k=1, 2.

From (43), we get:
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t
b —u0 ]| < 172 @ = POl + (1 -3 f R[L:[[u®(s, ud) — u0(s, u2)|
0

FLo(Qul1u (s, 1d) — u0(s, ud)II) + Ly (@ llu® (s, ud) — uo(s, uB)[)]ds
b | RIAO G 1) = w0 U + Lo (@l G d) = s, ud) D +
D L0l (s, ub) — w5, uB)ID]ds
< IFH ) = AN+ R[Ly + LaQ1 + L3Qzla(® llu’(t, ug) — u®(t, ug)l
< 7O = £ + Al (&, ud) - u (e, ud)
So that:
(e, ub)—u® (e ud)ll < (1= MHIFLE) - F2O - (45)

Foralt € [0,T], ug, ug € Dy.

So, substituting inequality (45) in the inequality (43), we get the inequality (42).
|

Remark 2: Theorem 5, confirms the stability of the solution for the system (1),

that is when a dlight change happens in the point u,, then a slight change will
happen in the function A(0, u,). For thisremark see[4].

VI Banach Fixed Point Theorem

In this section we study the existence and uniqueness periodic of integral equation
(2) will be introduced by the following:

Lemma 2[1] Let S be a space of all continuous function Bh , for anyz € s
define||z|| by||z|| = max,c[or1|2(t)]. Then(s, ||z]|) is a Banach space.

Theorem 6[1] (Banach Fixed Point Theorem)

Let E be a Banach space.Tif is a contraction mapping on E Th&h has one
and only one fixed point in E.

Theorem 7: (Existence and Uniqueness Theorem)
Let f(t,u,v,w),g(t,s,u),h(t,s,u)andf(t) be vectors functions which are

defined and continuous and periodic in t of peribdon the domain (2) and
satisfying all inequalities and conditions of tihedrem 1 and 2.
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Then the integral equation (1) has a unique pedadintinuous solution(t, u,)
on the domain (2), provided that = ER[L1 + L,Q, + L30Q,].

Proof: Let (C(G),|.]) is a Banach space, where G = {(t,u,v,w);t € RL,u €
D,v € D;,w € D,},

Defineamapping T* on G by

t s b(s)
T*z(t,uy) = f(t) + f[G(t, S)f(s,z(s, up), fg(s,'r,z(r,uo))d'r, f h(s,t,z(t,ugy))dT)
0 —oo a(s)
T s b(s)

—%j(}(t,s)f(s,z(s,uo), fg(s,r,z(r,uo))dr, f h(s,t,z(t,uy))dt)ds]ds

0 a(s)

Since g(t, s, z), h(t, s, z), are continuous on the domain (2), then

t b(t)

fg(t,s,z(s,uo))ds, f h(t,s,z(s,up))ds

-0 a(t)

are also continuous on the domain (2), and G (t,s) and f(t) are continuous on the
same domain,

So that:
b(t)

G(t,s)f(t,z(t,up), fg(t,s,z(s,uo))ds, f h(t,s,z(s,uy))ds)

— o000 a(t)

is continuous on the domain (2).

ThusT*z(t, u,) is continuous on the same domain,

Hence

T*z(t,uy):G - G

Next we claim that T*z(t, u,) isacontraction mappingon G, let z,w € G, Then

”T*Z(tr uO) - T*W(t, uO)“ = trer%(?)'lg]{lT*Z(t, uO) - T*W(t, uO)l}
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t s b(s)

f(t)+J[G(t,s)f(s,z(s,uo), fg(s,r,z(r,uo))dr, f h(s,t,z(t,up))dT)
0 —0oo a(s)

= max
te[o,T] {

T s b(s)

1
—?jG(t,s)f(s,z(s,uO), fg(s,r,z(r,uo))dr, f h(s,t,z(t,uy))dr)ds]ds
0 —0 a(s)
t s b(s)
—f(t) —f[G(t,s)f(s,w(s,uO), fg(s,r,w(r,uo))dr, f h(s,t,w(t,uy))dr)

a(s)
T s b(s)

! d h dr)ds]d
—TfG(t,s)f(s,w(s,uO), fg(s,r,w(r,uo)) T, (f) (s, T, w(t,up))dr)ds]ds

|

0

b(s)

< max 1 - D f 166,51 1f (5, 25, 10), f 95,7, 2(, up))dr, f h(s,7, 2(%, u))do)

a(s)
b(s)

—f(s,w(s,uyp), jg(s,r,w(r,uo))dr, j h(s,t,w(t, uy))dr)
—© a(s)

ds

T s b(s)

—%flG(t,s)Ilf(s,z(s,uo), fg(s,r,z(r,uo))dr, f h(s,t,z(t,uy))dr)

a(s)
ds}

< max {1 =90 [ RILu 1265, 00) w40 + La@ules, ) = w(s,u)D)

t
b(s)

—f(s,w(s,up) , f 9(s, 7, w(t,up))dr, f h(s, 7, w(T,up))d7)
-0 a(s)

T

+L(Qal(5,10) = w(s, uo) s + 7 [ RILi12(5,u0) = w(s, o)l +

+L,(Q112(s,up) — w(s,up)|) + L3(Q2|z(s,up) — w(s, up)|)ds}

< |R[Ly + LyQ; + Q2L3]||a(t)trer%3)T(]{|z(t, uy) — w(t, up)l}
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So that
”T*Z(tr uO) - T*W(t, xO)” < A”Z(tr uO) - W(tr xO)”'

Since0 < A < 1,wefind T* isa contraction mapping on [0, T], then by theorem
6, T* has aunique fixed point z(t, x,) € [0,T], i.e.

T*Z(t, xo) = Z(t, xo)
And

t s b(s)

z(t,ug) = f(¢t) +f[G(t,s)f(s,z(s,u0), fg(s,r,z(r,uo))dr, f h(s,1,z(1,up))dT)

0 a(s)
T s b(s)

—%j(}(t,s)f(s,z(s,uo), fg(s,r,z(r,uo))dr, J- h(s,t,z(t,uy))dr)ds]ds,

0 a(s)

Hence z(t, u,) is the unique continuous solution for the integral equation (1) on
the domain (2).
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